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Abstract— Connectivity and capacity are two fundamental
properties of wireless multi-hop networks. The scalability of these
properties has been a primary concern for which asymptotic
analysis is a useful tool. Three related but logically distinct
network models are often considered in asymptotic analyses, viz.
the dense network model, the extended network model and the
infinite network model, which consider respectively a network
deployed in a fixed finite area with a sufficiently large node den-
sity, a network deployed in a sufficiently large area with a fixed
node density, and a network deployed in %* with a sufficiently
large node density. The infinite network model originated from
continuum percolation theory and asymptotic results obtained
from the infinite network model have often been applied to the
dense and extended networks. In this paper, through two case
studies related to network connectivity on the expected number of
isolated nodes and on the vanishing of components of finite order
k > 1 respectively, we demonstrate some subtle but important
differences between the infinite network model and the dense
and extended network models. Therefore extra scrutiny has to
be used in order for the results obtained from the infinite network
model to be applicable to the dense and extended network models.
Asymptotic results are also obtained on the expected number of
isolated nodes, the vanishingly small impact of the boundary
effect on the number of isolated nodes and the vanishing of
components of finite order £ > 1 in the dense and extended
network models using a generic random connection model.

Index Terms— Dense network model, extended network model,
infinite network model, continuum percolation, connectivity,
random connection model

I. INTRODUCTION

Wireless multi-hop networks in various forms, e.g. wireless
ad hoc networks, sensor networks, mesh networks and vehic-
ular networks, have been the subject of intense research in the
recent decades (see [1] and references therein). Connectivity
and capacity are two fundamental properties of these networks.
The scalability of these properties as the number of nodes in
the network becomes sufficiently large has been a primary
concern. Asymptotic analysis, valid when the number of
nodes in the network is large enough, has been useful for
understanding the characteristics of these networks.

Three related but logically distinct network models have
been widely used in the asymptotic analysis of large scale
multi-hop networks. The first model, often referred to as the
dense network model, considers that the network is deployed
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in a finite area with a sufficiently large node density. The
second model, often referred to as the extended network model,
considers that the node density is fixed and the network area
is sufficiently large. The third model, referred to as the infinite
network model, has its origin in continuum percolation theory
[2]. Tt considers a network deployed in an infinite area, i.e.
R? in 2D, and analyzes the properties of the network as the
node density becomes sufficiently large. Due to the relatively
longer history of research into continuum percolation theory
and relatively abundant results in that area, and the close
connections between the infinite network model and the dense
and extended network models, results obtained in the infinite
network model are often applied straightforwardly to the first
and second models [3]-[8].

In this paper, through two case studies on key events
related to the network connectivity, i.e. the expected number
of isolated nodes and the vanishing of components of fixed
and finite order £ > 1 (the order of a component refers
to the number of nodes in the component), using a random
connection model, we demonstrate some subtle but important
differences between the infinite network model and the dense
and extended network models due to the truncation effect, to
be explained in the following paragraphs. Therefore results
obtained from an infinite network model cannot be directly
applied to the dense and extended networks. Instead some
careful analysis of the impact of the truncation effect is
required.

Here we give a detailed explanation of the above comments
using a unit disk connection model as an example'. Under the
unit disk connection model, two nodes are directly connected
if and only if (iff) their Euclidean distance is smaller than or
equal to a given threshold r (p), a parameter which is often
taken as a function of a further parameter p, to be defined
shortly, under the dense and extended network models; the
parameter 7 (p) is termed the fransmission range. The dense
and extended network models that are often considered assume
respectively a) nodes are Poissonly distributed in a unit area,
say a square, with density p and r(p) = bgﬂi’;ﬂ (the
dense network model); b) nodes are Poissonly distributed on
a square /p x /p with density 1 and 7 (p) = 1/@5?”“ (the
extended network model). The parameter ¢ may be either a
constant; or it can depend on p, in which case ¢ = o (log p).
The corresponding infinite network model considers nodes
Poissonly distributed in )2 with density p and a pair of nodes

In the paper, we have omitted some trivial discussions on the difference
between Poisson and uniform distributions and consider Poisson node distri-
bution only.



are directly connected iff their Euclidean distance is smaller
than or equal to r, which does not depend on p. The dense
network model can be converted into the extended network
model by scaling the Euclidean distances between all pairs of
nodes by a factor of /p while maintaining their connections,
and conversely. Therefore the dense network model and the
extended network model are equivalent in the analysis of
connectivity. In the extended network model, as p — oo,
the network area approaches %2 and the average node degree
approaches infinity following © (log p), i.e. a node has more
and more connections as p — oo. This resembles the situation
that occurs in the infinite network model as p — oo. This
close connection between the infinite network model and the
dense and extended network models creates the illusion that
as p — oo results obtained in the infinite network model can
also be applied directly to the dense and extended models,
e.g. those dealing with the vanishing of isolated nodes, the
uniqueness of the component of infinite order, the vanishing
of components of finite order k£ > 1 [3]-[8].

Starting from the dense network model however, if we
scale the Euclidean distances between all pairs of nodes by

a factor 1/ M

1/\/leete 1/
logp+c

, there results a network on a square

log p+c log p+c p+c

with node density , where

— o0 as p — oo, and a pair of nodes are directly
connected iff their Euclidean distance is equal to or smaller
than » = 1, independently of the node density. This latter
network model is also equivalent to the dense and extended
network models in connectivity. On the other hand, this latter
network can also be obtained from an infinite network on
R? with node density °2£%¢ and r = 1 by removing all
nodes and the associated connections outside a square of
1/ logﬂi’fc x1/ logﬂi’;f‘: in RN2. We term the effect associated
the above removal procedure as the truncation effect.
From the above discussion, it is clear that a prerequisite for the
results obtained in the infinite network model to be applicable
to the dense or extended network models is that the impact
of the truncation effect on the property concerned must be
vanishingly small as p — oco.
The main contributions of this paper are:

o Through two case studies, one on the expected number
of isolated nodes and the other on the vanishing of
components of fixed and finite order £ > 1, using a ran-
dom connection model, we show however that ensuring
the impact of the truncation effect is vanishingly small
either requires imposing a stronger requirement on the
connection function or needs some non-trivial analysis
to rule out the possibility of occurrence of some events
associated with the truncation effect. Therefore results
obtained assuming an infinite network model cannot
be applied directly to the dense and extended network
models.

« In particular, we show that in order for the impact of the
truncation effect on the number of isolated nodes to be
vanishingly small, a stronger requirement on the connec-
tion function (than the usual requirements of rotational in-
variance, integral boundedness and non-increasing mono-

tonicity) needs to be imposed.

e« We show that some non-trivial analysis is required to
rule out the possibility of occurrence of some events
associated with the truncation effect in order to establish
the result on the vanishing of components of components
of fixed and finite order £ > 1 in the dense and extended
network models. For example, an infinite component in
2 may, after truncation, yield multiple components of
extremely large order?, finite components of fixed order

k > 1 and isolated nodes in 1/ logpte 1/ log pte
T TP
where these components are only connected via nodes

and associated connections in the infinite component
but outside 1/ logwi’;fc x 1/ k’%ri";“. Thus the dense
and extended networks may still possibly have finite
components of order £ > 1 even though the infinite
network can be shown to asymptotically almost surely
have no such finite components as p — oo.

o Asymptotic results are established on the expected num-
ber of isolated nodes, the vanishingly small impact of
the boundary effect on the number of isolated nodes and
the vanishing of components of finite order £ > 1 in
the dense and extended network models using a generic
random connection model. These results form key steps
in extending asymptotic results on network connectivity
from the unit disk model to the more generic random
connection model.

To our knowledge, this is the first paper that has provided
solid theoretical analysis to explain the difference between the
infinite network model and the dense and extended network
models and the cause of this difference, i.e. it is attributable
to the truncation effect, which is different from the boundary
effect that has been widely studied.

The rest of the paper is organized as follows. Section II
reviews related work. Section III gives a formal definition
of the network models, symbols and notations considered
in the paper. Section IV comparatively studies the expected
number of isolated nodes in a dense (or extended) network
and in its counterpart infinite network model. Through the
study, it shows that under certain conditions the impact of the
truncation effect on the expected number of isolated nodes is
non-negligible or may even be the dominant factor. Section
V first gives an example to show that asymptotic vanishing
of components of fixed and finite order £ > 1 in an infinite
network does not carry straightforwardly the conclusion that
components of fixed and finite order £ > 1 also vanish
asymptotically in the dense and extended networks. Then to
fill this theoretical gap and with a supplementary condition
holding, a result is presented on the asymptotic vanishing of
components of fixed and finite order £ > 1 in the dense and
extended network models under a random connection model.
Finally Section VI summarizes conclusions and future work.

21t is trivial to show that for any finite p, almost surely there is no infinite
component in a network whose nodes are Poissonly distributed with density
l(>g;++c on a square of 1/ 103 pte 1/, /e ’:)J” Therefore we use the
term components of extremely large order to refer to those components whose
order may become asymptotically infinite as p — co.



II. RELATED WORK

Extensive research has been done on connectivity problems
using the well-known random geometric graph and the unit
disk connection model, which is usually obtained by randomly
and uniformly distributing n vertices in a given area and
connecting any two vertices iff their distance is smaller than or
equal to a given threshold r(n) [9], [10]. Significant outcomes
have been obtained [3], [10]-[16].

Penrose [17], [18] and Gupta et al. [3] proved using different
techniques that if the transmission range is set to r(n) =

w, a random network formed by uniformly placing

n nodes in a unit-area disk in %2 is asymptotically almost
surely connected as n — oo iff ¢(n) — oo. Specifically,
Penrose’s result is based on the fact that in the above random
network as p — oo the longest edge of the minimum spanning
tree converges in probability to the minimum transmission
range required for the above random network to have no
isolated nodes (or equivalently the longest edge of the nearest
neighbor graph of the above network) [10], [17], [18]. Gupta
and Kumar’s result is based on a key finding in continuum
percolation theory [2, Chapter 6]: Consider an infinite network
with nodes distributed on 32 following a Poisson distribution
with density p; and suppose that a pair of nodes separated by
a Euclidean distance x are directly connected with probability
g (x), independent of the event that another distinct pair
of nodes are directly connected. Here, g : RT — [0,1]
satisfies the conditions of rotational invariance, non-increasing
monotonicity and integral boundedness [2, pp. 151-152]. As
p — oo asymptotically almost surely the above network on
$2 has only a unique infinite component and isolated nodes.

In [12], Philips et al. proved that the average node degree,
i.e. the expected number of neighbors of an arbitrary node,
must grow logarithmically with the area of the network to
ensure that the network is connected, where nodes are placed
randomly on a square according to a Poisson point process
with a known density in R2. This result by Philips et al.
actually provides a necessary condition on the average node
degree required for connectivity. In [11], Xue et al. showed that
in a network with a total of n nodes randomly and uniformly
distributed in a unit square in R2, if each node is connected
to clogn nearest neighbors with ¢ < 0.074 then the resulting
random network is asymptotically almost surely disconnected
as n — oo; and if each node is connected to clogn nearest
neighbors with ¢ > 5.1774 then the network is asymptotically
almost surely connected as n — oo. In [14], Balister et al.
advanced the results in [11] and improved the lower and upper
bounds to 0.3043logn and 0.5139logn respectively. In a
more recent paper [16], Balister et al. achieved much improved
results by showing that there exists a constant c.,;;+ such that
if each node is connected to |clogn| nearest neighbors with
¢ < Cerit then the network is asymptotically almost surely
disconnected as n — oo, and if each node is connected to
|clogn]| nearest neighbors with ¢ > c..;+ then the network
is asymptotically almost surely connected as n — oco. In
both [14] and [16], the authors considered nodes randomly
distributed following a Poisson process of intensity one in a
square of area n in 2. In [13], Ravelomanana investigated the

critical transmission range for connectivity in 3-dimensional
wireless sensor networks and derived similar results to the 2-
dimensional results in [3].

All the above work is based on the unit disk connection
model. The unit disk connection model may simplify analysis
but no real antenna has an antenna pattern similar to it. The
log-normal shadowing connection model, which is more real-
istic than the unit disk connection model, has accordingly been
considered for investigating network connectivity in [19]-[24].
Under the log-normal shadowing connection model, two nodes
are directly connected if the received power at one node
from the other node, whose attenuation follows the log-normal
model [25], is greater than a given threshold. In [19]-[24], the
authors investigated from different perspectives the necessary
condition for a network with nodes uniformly or Poissonly
distributed in a bounded area in %2 and a pair of nodes are
directly connected following the log-normal connection model
to be connected. Most of the above work is based on the
observation that a necessary condition for a connected network
is that the network has no isolated nodes. Their analysis [19]-
[24] also relies on the assumption that under the log-normal
connection model, the node isolation events are independent,
an assumption yet to be validated analytically.

Other work in the area include [5], [6], [8], [26], which
studies from the percolation perspective, the impact of mutual
interference caused by simultaneous transmissions, the impact
of physical layer cooperative transmissions, the impact of
directional antennas and the impact of unreliable links on
connectivity respectively.

In this paper we discuss the relation between three widely
used network models in the above studies, i.e. the dense
network model, the extended network model and the infinite
network model which originated from continuum percolation
theory. We examine mainly from the connectivity perspective
the similarities and differences between these models and
demonstrate that results obtained from continuum percolation
theory assuming an infinite network model cannot be directly
applied to the dense and extended network models. We also
establish some results that form key steps in extending asymp-
totic results on network connectivity from the unit disk model
to the more generic random connection model.

III. NETWORK MODELS

In this section we give a formal definition of network models
considered in the paper. Let g : R — [0,1] be a function
satisfying the conditions of non-increasing monotonicity and

integral boundedness 3 4.
g(xz) <g(y)  whenever x>y (1)
0< [ gllel)de < o o
§R2

where ||x|| denotes the Euclidean norm of . The function ¢
is the connection function that has been widely considered in

3Throughout this paper, we use the non-bold symbol, e.g. z, to denote a
scalar and the bold symbol, e.g. &, to denote a vector.

4We refer readers to [2], [27, Chapter 6] for detailed discussions on the
random connection model.



the random connection model [2], [27, Chapter 6]. Further the
requirement of rotational invariance on the connection function
in the random connection model [2], [27, Chapter 6] has been
met implicitly by letting g be a function of a scalar, typically
representing the Euclidean distance between two nodes being
considered.
The following notations and definitions are used throughout
the paper:
o £(2) = 0. (h(2)) iff lim. 0 115 = 0;
o [(2) =w:(h(2)) iff h(2) = 0. (f(2));
e f(2) =06, (h(z)) iff there exist a sufficiently large z
and two positive constants c¢; and cy such that for any
z > zg, c1th(z) > f(2) > c2h (2);
o [(2)~s h(2)iff lim,_ e % =1
o An event ¢ is said to occur almost surely if its probability
equals to one;
o An event £, depending on z is said to occur asymptoti-
cally almost surely (a.a.s.) if its probability tends to one
as z — o0.

The above definition applies whether the argument z is con-
tinuous or discrete, e.g. assuming integer values.

Using the integral boundedness condition on g and the non-
increasing property of g, it can be shown that

/ g(lz|)de = lim 2rwxg (x) dx
R2 Z—00 0
and -

lim 2rxg (x)dx =0

Z— 00 P

The above equation, together with the following derivations

lim 2rxg (x) dx
Z—00 P
2z
> lim 2nzg (x) dx
zZ—00 2
2z
> lim 2nxg (22) dx
zZ—r00

z

= lim 372%g(22)

Z—00

allow us to conclude that

guw:%(;) @

From time to time, we may require g to satisfy the more
restrictive requirement that

1
g(x) = o0, <96210g2x> (€]

and (1). When we do impose such additional constraint, we
will specify it clearly. It is obvious that conditions (1) and (2)
imply (3) while condition (4) implies (2) and (3).

In the following analysis, we will only use (1) and (4)
(instead of (1) and (2)) when necessary. This helps to identify
which part of the analysis relies on the more restrictive
requirement on g. In our analysis, we assume that g has infinite
support when necessary. Our results however apply to the

situation when g has bounded support, which forms a special
case and only makes the analysis easier.

Further, define
logp+b
e (5)

for some non-negative value p, where

0<C:/gwﬂMm<w ©)
%2

and b is a constant (+oo is allowed).

In the following, we give the formal definitions of four
network models discussed in the paper. The motivation for
defining a new model in Definition 3 appears later after all
models are defined.

Definition 1: (dense network model) Let G (X, g,,, A) be
a network with nodes Poissonly distributed on a unit square

11

A% [—5, 5} ? with density p and a pair of nodes separated by

a Euclidean distance z are directly connected with probability
gr, (@) = g (%), independent of the event that another
distinct pair of nodes are directly connected. X, denotes the
vertex set in G (X, gr,, A).

Definition 2: (extended Let

g (th \/W’A\/IJ be a network with nodes Poissonly

network model)

2
distributed on a square A ;5 = [\é’j,‘é’j‘j with
density 1 and a pair of nodes separated by a Euclidean

distance « are directly connected with probability

A T :
9,/mEgEE () = ¢ W) , independent of the event
that another distinct pair of nodes are directly connected. A
denotes the vertex set in G (Xl’g\/W’ A\/ﬁ).

Definition 3: Let G (Xlogcpﬁ»b,g,A%) be a network with
Tp

nodes Poissonly distributed on a square A L = [fi, i} :

with density and a pair of nodes separated by a

Euclidean distance x are directly connected with probability

g (x), independent of the event that another distinct pair of

nodes are directly connected. Xwozpo+0 denotes the vertex set

in g (X%,Q,A%>.

Definition 4: (inﬁflite network model) Let G (Xp, g, 9%2) be
a network with nodes Poissonly distributed on %? with density
p and a pair of nodes separated by a Euclidean distance x are
directly connected with probability g (x), independent of the
event that another distinct pair of nodes are directly connected.
X, denotes the vertex set in G (Xp, g, §R2).
With minor abuse of the terminology, we use A (respectively
A N A . ) to denote both the square itself and the area of the
square, and in the latter case, A = 1 (respectively A 5 = p,
Al =2

log p+b
C

The reason for choosing this particular form of r, and the
above network models is to avoid triviality in the analysis and
to make the analysis compatible with existing results obtained
under a unit disk connection model. Particularly when g takes
the form that g(z) = 1 for z < 1 and g(z) = 0 for = > 1, it
can be shown that G (X 03 Jrys A) reduces to the dense network
model under a unit disk connection model discussed in [3],



[10], [27] where C' = 7 and r, corresponds to the critical
transmission range for connectivity; G (Xl, 9 jeepre, A \/ﬁ>
reduces to the extended network model under a unit disk
connection model considered in [27], [28, Chapter 3.3.2]. Thus
the above model easily incorporates the unit disk connection
model as a special case. A similar conclusion can also be
drawn for the log-normal connection model.

Now we establish the relationship between the three network
models in Definitions 1, 2, 3 on finite and then asymptotically
infinite regions respectively using the scaling and coupling
technique [2]. Given an instance of G (X,, g,,, A), if we scale
the Euclidean distances between all pairs of nodes by a factor
of /p while maintaining their connections, there results a
random network where nodes are Poissonly distributed on a
square A /; with density 1 and a pair of nodes separated by
a Euclidean distance z are directly connected with probability

9 /ezow (), i.e. an instance of G (Xl,g logp+b,A\/ﬁ). All
Tox p b 2

connectivity properties, e.g. connectivity, number of isolated
nodes, number of components of a specified order, that hold in
the instance of G (X,,, g,,, A) are also valid for the associated

instance in G ( X1,9 /oarr, A JP (To be more precise, the
underlying graphs of these two network instances are isomor-
phic [29], [30]). Similarly if we shrink the Euclidean distances
between all pairs of nodes in a network, which is an instance
of G (Xl, g\/m7 A\/>, by a factor of ﬁ, there results an

instance of G (X,,g,,,A) and the two networks again have

the same connectivity property. Therefore G ( 03 Grp s A) and

G (.9
C

property that holds in one model will necessarily hold in

the other. Similarly, it can also be shown that G (X,, g,,, A)

oty A \/,5) are equivalent in that any connectivity

and G (X log gt s g, A%) are equivalent in their connectivity
properties. Thus in this paper we only chose one model, i.e.
g Xlogp+b,g,A 1
finite and asymptotlcally infinite networks. The reason for
choosing this network model is that under the model, a pair of
nodes are directly connected following g, in the same way as
nodes in the infinite network model G ( 0> 7, Rn2 ) are directly
connected. This facilitates the discussion and comparison
between the finite (asymptotically infinite) network model and
the infinite network model, which is a key focus of the paper.

, to discuss the connectivity properties of

Further, we point out that the above discussion on
the equivalence of network models G (Xp,grp,A),

G (Xl,g\/@,/lﬁ) and G (Xlogp+b,g,A , ) is only
valid for the random connection model. For the other
widely used model, i.e. the SINR model, under some special
circumstances, e.g. the background noise is negligible [1] and
the attenuation function is a power law function, the three
network models are equivalent; otherwise under more general
conditions, the three models are not equivalent (see e.g. [26],
[31]). However the key observation revealed in our analysis,
i.e. results obtained from an infinite network model do not
necessarily apply to the dense and extended network models,
also holds for the SINR model.

IV. A COMPARATIVE STUDY OF THE EXPECTED NUMBER
OF ISOLATED NODES

In this section we comparatively study the expected number
of isolated nodes in G E)\ﬁog p+b7g,A%) and the expected
number of isolated nodes inC its couryl;ferpart in an infinite
network, i.e. a region with the same area as A1 in an

log p+b

"p
infinite network on $? with the same node density
and connection function g. The number of isolated nodes is
a key parameter in the analysis of network connectivity. A
necessary condition for a network to be connected is that the
network has no isolated node. Such a necessary condition has
been shown to be also a sufficient condition for a connected
network as p — oo under a unit disk connection model [10]
and this may also be possibly true for a random connection
model.

A. Expected Number of Isolated Nodes in an Asymptotically
Infinite Network

In this subsection we analyze the expected number of
isolated nodes in G (Xlog ptb, G, A1
C Tp

in Q (Xlogp+b,g,A 1
probability that the node is isolated is given by [4]:

). For an arbitrary node

) at location y, it can be shown that the

—Ja, EERe(lz—yl)de

Pr(ly=1)=e v (7
where I, is an indicator random variable: I, = 1 if the node at
vy is isolated and I,, = 0 otherwise. Denote by W the number
of isolated nodes in an instance of G | Xiog p+b,g,A ). It

C
then follows that the expected number of isolated nodes in

G (Xlogé)-f—b,g,Ai) is given by
TP
3 log r)+b
1 p ~Ja, g(llz—yl)d=
E<W>:/ e dy (®)
A, C
Tp
On the basis of (8), the following theorem can be obtained.
Theorem 1: The expected number of
isolated nodes in g (Xlag p+b,g,A 1 ) is
s, eyl de
Ia, l°g£+b i dy. For g satisfying

botﬁ (1) and (4), the expected number of isolated nodes

in G (Xlogéﬂ»bhg,A%) converges asymptotically to e as
p — . :
Proof: See Appendix I [ ]

1) Impact of Boundary Effect on the Number of Isolated
Nodes: Before we proceed to the comparison of the expected
and the
expected number in its counterpart in an infinite network, we
first examine the impact of boundary effect on the number of

number of isolated nodes in G (Xlogp+b,g,A 1

isolated nodes in G (Xlog p+b,g,A 1 ) Boundary effect is a

common concern in the analysis of ‘network connectivity. The
analysis of the impact of the boundary effect is done by com-

paring the number of isolated nodes in G | X1og p+b,g,A 1
C
and the number in a network with nodes Poissonly distributed



2
on a torus AT =S {—%7 %} with node density

and where a palr of nodes separated by a foroidal dlstance

2T [10, p. 13] are directly connected with probability g ( ),
independent of the event that another distinct pair of nodes
are directly connected. Denote the network on a torus by

log p+b

GgT Xlogp+b g, A’ ]. The following lemma can be estab-
lished. ’
Lemma 1: The expected number of isolated nodes in
—[a, =gl d
gT Xlogp+b ., AT 1 is pe o . For g satis-

fying both (1) and (4) the expected number of isolated nodes
in g7 Xlogp+b,g,A 1 ) converges to e~ as p — o0.
Proof: See Appendlx I [ |
On the basis of Theorem 1 and Lemma 1, and using the
coupling technique, the following lemma can be obtained.
Lemma 2: For g satisfying both (1) and (4), the number
due to the boundary

of isolated nodes in G ( Xiogpts, g, A%
effect is a.a.s. 0 as p — oo.c ’

Proof: Comparing Theorem 1 and Lemma 1, it is noted
that the expected numbers of isolated nodes on a torus and
on a square respectively asymptotically converge to the same
non-zero finite constant e=® as p — oo. Now we use the
coupling technique [2] to construct the connection between W
and W7, the number of isolated nodes in the corresponding

instance of GT (Xlog ptb, gy A1 ) Consider an instance of
Tp

GgT <X log ptb 5 G, A ) The number of isolated nodes in that

network is W7, Wthh depends on p. Remove each connection
of the above network with probability 1 — (( T)), independent
of the event that another connection is removed where z
is the Euclidean distance between the two endpoints of the
connection and 27 is the corresponding toroidal distance. Due
to 27 < x (see (40) in Appendix II) and the non-increasing
property of g, 0 < 1 — gg(mmT) < 1. Further note that only
connections between nodes near the boundary with 27 < x
will be affected, i.e. when z = 27 the removal probability is
zero. Denote the number of newly appearing isolated nodes by
WE. WE has the meaning of being the number of isolated
nodes due to the boundary effect. It is straightforward to show
that W¥ is a non-negative random integer, depending on p.
Further, such a connection removal process results a random
network with nodes Poissonly distributed with density %
where a pair of nodes separated by a Euclidean distance x
are directly connected with probability ¢ (x), i.e. a random
network on a square with the boundary effect included. The
following equation results as a consequence of the above
discussion:

w=wFfi+wT

Using Theorem 1, Lemma 1 and the above equation, it can be
shown that

lim E (W) = lim E(W-W7") =0

p—+00 p—>00
Due to the non-negativity of WWF:
lim Pr (W¥ =0) =1

p—>00

|

Remark 1: Note that for g not satisfying (4), E (W) and
E (WT) are not necessarily convergent as p — oo. Par-
ticularly using the same procedure in Appendix I and II
(see also (14) in Section IV-C below), it can be shown
that when ¢ (z) = w, m , both lim, o E (W)
and lim, o £ (W7) are unbounded. When g¢(z) =
0. (5ot ) limyse B (W) and lim,, e E (W7) start t0
depend on the asymptotic behavior of g and is only convergent
when lim, o g (z)22log’z = a, where 0 < a < o0
is a positive constant. In that case, it can be shown that
lim, oo £ (W) and lim, o E (WT) converge to e—btéa,
For lim,_,o, E (WT) the above result can be established by
first choosing a small positive constant Ae and then letting
p be sufficiently large such that D (0, 37,'~“¢) contains
A1, where D (x,r) denotes a disk centered at @ and with a
rad,i)us r. An upper and lower bound on E (WT) can then be

established by noting that
lim eifD(O’%rglan) L0224l g(||a||) dae
paoop
(W) —Ja, P (l2l)de
< lim E(WT)=pe 7

p—+00

< lim pe 5(0’%"'51) =2 g(llelhde

p—r00
Following the exactly same procedure as that in (45) and
(46) (in Appendix II) and finally letting Ae — 0, the
result for lim, , F (WT) can be obtained. The result for
lim,_, £ (W) can be obtained following a similar procedure

as that in Appendix I.

B. The Number of Isolated Nodes in a Region A 1
Infinite Network with Node Density %

In this subsection, we consider the number of isolated
nodes in the counterpart of G (X log ptb , §y A 2

of an

in an infinite
network. Specifically, for a meaningful comparlson with the
number of isolated nodes in G Xlogp+b,g,A 1 |, we con-

sider the number of isolated nodes, denoted by Wee (with

superscript * marking the parameter in an infinite network),

in a square A 1 of an infinite network on %? with Poissonly
p

distributed node at density %. Denote the infinite network

by G (Xlog ptb, G, 3?2>. For g satisfying (2), a randomly chosen
C

node in G (Xlogcp+b,g7 8%2), at location y € A;, is isolated

with probability ’

a(la=ylde _ Lo—b ()
p

where (2) is used in the above equation. Therefore

/ logp+b 1
—— X —¢
A C P

Tp

2
_ logp+b " 1e’bx (1)

log p+b
¢}

Pr (I;O = 1) = e_fge2

EW®) = ~bdy

C p



= ¢? (10)

The last line follows by (5).

The above result is summarized in the following lemma:

Lemma 3: For g satisfying (2), the expected number of
isolated nodes in a region A% of G X%,g, 3‘%2> is e b,
C. A Comparison of the Expected Number of Isolated Nodes
ing (Xlogp#»b,g,AL)
Network ° v

and In Its Counterpart in An Infinite

Comparing Theorem 1 and Lemma 3, we note that:
1) The expected number of
g (Xlogcp+b,g7 A%)

e~% as p — oo whereas the expected number of isolated

isolated nodes in

only converges asymptotically to

nodes in an area of the same size in G (Xlog p+b, G, ?Rz)
(e}
is always e~® no matter which value p takes.

2) The expected number of isolated nodes in
Q (Xlosp«#b,g,A 1 )

et for g satzsfymg both (1) and (4) whereas the
expected number of isolated nodes in an area of the

converges asymptotically to

same size in G (Xw,g, %2) is e~ for g satisfying
) only. ‘
In the following we examine the reason behind the differences.
Using (7), (8), (9) and (10), it can be shown that

EW)
E (W)
— logp+b
:eb/ logp+b, fa y #5E=alle y\l)dwdy
Ai C
logp +b / logp + b
b
— logp+0 [ logp+b o
e/A] o exp( O g |z —yl|) dz
logp+b
x/ —c 9z —yl)dx | dy
RANA L
og p+b
logp+b_ J%ml L84 oo —y|)da
:/ e dy (1
Ay p

Tp
It is trivial to show that the value in (11) is always greater
than 1 for g with infinite support. That is, for any g with
infinite support, the expected number of isolated nodes in

g (X log ptb , §, A L ) is strictly larger than the expected num-

ber of isolated nodes in an area A L of G (Xlogp+b,g, R2 )
Further, it can be shown that the Value in (11) accounts for the
cumulative effect of nodes outside A 1 in G  Xiogpts, g, B2

C

. . "p
and the associated connections between these nodes and nodes

inside A1 on decreasing the expected number of isolated
Tp
nodes in A 1 respectively. Because G (X log p+b 5 G, AL> can
7‘/3 C T

P

be obtained from G (Xlogg+b7 g,?RQ) by removing all these

nodes and associated connections outside an area of A1 in
Tp

g (X log g4t 0, §R2>, we term the this distinction the truncation
effect. Theorem 1 and Lemma 3 shows that when ¢ satisfies
both (1) and (4) (i.e. g has to decrease fast enough), the impact
of the truncation effect on isolated nodes becomes vanishingly
small as p — oo.

Based on the above discussion, the following theorem can
be established:

Theorem 2: For g satisfying (2), the expected number of
isolated nodes in an area of A% in G (X%,g, 8&‘:2)
is e~’. Removing all nodes of G (X%,g, %2)
side A1

Tp
g (X tog ptb , §y AL ) The expected number of isolated nodes
Tp
in Q (Xlogp+b,g’A 1 )
and (4). The more restrictive requirement on g is a sufficient

condition for the impact of the fruncation effect associated
with the above removal operations on the number of isolated

b out-

and the associated connections, there results

converges to e~ if ¢ satisfies both (1)

nodes in G (Xw,g, AL) to be vanishingly small as p —
Tp

00

In the following, we show that the more restrictive requirement
on g in (4) (compared with (1) and (2)) is also necessary for
the impact of the truncation effect to become vanishingly small
as p — oo. Specifically, consider the case when (4) is not
satisfied. Let

f@) £ g(z)a?log’a (12)
Condition (4) not being satisfied means
lim f(z)#0 (13)
xTr—r00

i.e. lim,_,~ f () may equal to a positive constant, co, or does
not exist (e.g. f (x) is a periodic function of x).

It can be shown that (following the equation, detailed
explanations are given and see also (42) in Appendix II)

lim E (W)
p—00
> lim E(W7)
p— 00
~Ja, lemptg(al))da
= lim pe ™
p—00
_ ) 95 g (||l de
> i D(O’%Tpl) o
- pli>nolope
Jp2\p(o.1,-1) &2 a(llzl)dw
L O ke
e
= b ¥ limen f(2) (14)

where the last step results because of the following equation:

logp+0b
/ 80+ (el de
®A\D(0,4r,") C

. > logp+b
= lim gL%m:g (z)dx
p—oo f1,.-1  C
27p
_ —1y 1 b—
grp4g (%Tp 1) Og(@:g? :
__Cc
p(log p+b)?

= lim

p—00




1
. 2 2 -1
= pli)ngc—c(logp—&—b) T, g(ZTp )
()
= lim —(1ogp+b) — £
p—r00 irp2log2 (%rp 1)
i or (log p + b)* f(3 p_l)
= lim
r= C (log 3 — 3 log (log p + b) + 5 log p + %logC)2
4
el plggof (2 "o )
4
= oA @)

where in the second step, L'Hij cepital’s rule with being

Tog p+b +b
the denominator and f 1,1 2rxg (x) dx being thegnumerator
is used; in the third step, (12) is used.

Remark 2: Equation (14) shows also that
lim, .o F (WT) > e bt limeno f(2) where E (WT)
is the expected number of isolated nodes on a torus, which
does not include the contribution of the boundary effect on the
number of isolated nodes. Note also that the expected number

of isolated nodes in an area of A L in G (Xlog it g, T2 ) is

~b_ Therefore the term e ¢  lim, oo @) is entirely attributable
to the truncation effect.
Note that f(x) is a non-negative function for z > 1. It
is obvious from (14) that unless lim, .o f(z) = 0, ie
(4) is satisfied, the expected number of isolated node in

g (X logptt 5 A%) will be larger than the expected number

of isolated nodes in an area of A1 in G (Xlogp+b,g, §R2>
That is, the impact of the truncation effect on the number of
isolated nodes in G (Xlog ptb, g, A 2
small as p — oo. In particular, "It can be shown that for
g(x) = 6, ng , the impact of the truncation effect
is non-negligible or even dominant in determining the number
). Using (14), it can

m) lim, o0 B (W)
is unbounded, i.e. connectivity cannot be achieved for g (x) =
Wy (m) even if (1) and (2) are satisfied.
The above discussion leads to the following conclusion:
Theorem 3: The more restrictive requirement on g that
it satisfies (4) is a necessary condition for the impact of
the truncation effect on the number of isolated nodes in

g (Xlogp+b » g, AL)
C Tp

ther for g (z) = O, gzlz , the impact of the truncation
z? log® x

effect is non-negligible or even dominant in determining the

number of isolated nodes in G (Xlongrb,g,Ai

C )

will not be vanishingly

of isolated nodes in G (Xlogé)+b,g’ Al
p

also be shown that for g (z) = w, (

to be vanishingly small as p — oo. Fur-

) ; and for

g(x) = w, (m), the truncation effect is the domi-
nant factor in determining the number of isolated nodes in
g (Xlogp+b,g, A EN

Noting that the number of isolated nodes in a network is a
non-negative integer, the following result can be obtained as
an easy consequence of Theorem 2 (see also [32]). Notice
that in formulating this result, we drop the assumption that b,
originally introduced in (5), is a constant, and allow it instead

to be p-dependent.

Corollary 1: For g satisfying both (1) and (4), a necessary
condition for G (Xlog p+b,g,A 1 ) to be a.a.s. (as p — 00)
connected is b — oo.

Remark 3: As pointed out in [2, p. 151], the three re-
quirements on g in the random connection model, i.e. ro-
tational invariance, non-increasing monotonicity and integral
boundedness, are not equally important. Particularly, rotational
invariance and non-increasing monotonicity are required only
to simply the analysis such that “the notation and formulae
will be somewhat simpler”. Similarly, we expect the results
obtained in this section and in the next section requiring
non-increasing monotonicity in (1) are also valid when the
condition in (1) is removed. These however require more com-
plicated handling of g (), particularly when x is sufficiently
large.

V. VANISHING OF COMPONENTS OF FINITE ORDER

In this section we consider the events of the asymptotic van-
ishing of components of fixed and finite order £ > 1 in the in-
finite network G (Xw,g, §R2) and in G (Xw,g,A%>
respectively as p — og ‘ '

In [2, Theorem 6.4] it was shown that as p — oo (and
k’g £+b _y o) the probability for a node to be isolated given
that its component is finite converges to 1. In other words,
as p — 00 a.a.s. G ( Xwsptv, g, R2) has only isolated nodes
and components of infinite order, and components of fixed
and finite order k¥ > 1 asymptotically vanish. In the following
we show that due to the truncation effect, the above result

obtained in G (Xlogp+b,g,%2) does not carry over to the

conclusion that as p — oo a.a.s. G (Xlog ptb, g, A L ) has only

isolated nodes and infinite components too, without further
analysis on the impact of the truncation effect. Specifically, an
infinite component in G (X loxpt 5 G §R2) may possibly consist
of components of extremely large order, components of fixed
and finite order £ > 1 and isolated nodes involving nodes
and connections entirely contained inside A 1 , where these
components are only connected to each other’ via nodes and

connections outside A 1 . Note that for any finite p, almost
p

surely there is no infinite component in G (Xlog ptb, g, A )
Therefore we use the term component of extremely large
order to refer to a component whose order may become
asymptotically infinite as p — co. As the nodes and associated
connections outside A 1 are removed, the infinite component

in 2 may possibly lea\r/g components of extremely large order,
components of finite order k > 1 and isolated nodes in A 1.
As such, vanishing of components of finite order £ > 1 in
G (usger 0. 5)
the conclusion that components of finite order £ > 1 in
G (Xisgio 9.4 )
approaches 12 as p — co. An example is illustrated in Flg
1.

We further point out that many other topologies, particularly
under a random connection model where even a pair of nodes

as p — oo does not necessarily carry

also vanish as p — oo, even when A 2



Fig. 1: An illustration that an infinite component in R? may
leave components of extremely large order, components of
finite order £ > 1 and isolated nodes in a finite (or asymp-
totically infinite) region in R? when nodes and connections
outside the finite (asymptotically infinite) region is removed.
The figure uses the unit disk connection model as a special
case for easy illustration. Each ball has a radius of half
of the transmission range and is centered at a node. Two
adjacent balls overlap iff the associated nodes are directly
connected. The figure shows an infinite component with nodes
organized in a tree structure. The square area represents the
finite (asymptotically infinite) region. Even as the square grows
to include more and more nodes of the infinite component, it
is still possible for the square to have components of finite
order k£ > 1 when nodes and connections outside the square
are removed.

separated by a large distance may have a non-zero probability
to be directly connected, can be drawn for an infinite com-
ponent in R2, where after removing all nodes and associated
connections of the infinite component outside A%, the infinite
component leaves components of finite order k > 1 inside
A1, even when A1 grows as p — oo. We emphasize that

we ‘are not hinting that the topology of the infinite component

shown in Fig. 1 is likely to occur in G Xlegp+b,g78?2) as
p — oo, but neither can such a possibility be precluded using
[2, Theorem 6.4]. Therefore a conclusion cannot be drawn
straightforwardly from [2, Theorem 6.4] that a.a.s. components

of finite order k > 1in G (Xlogp+h g, A L
Instead some non-trivial analysis is requ1red to establish such

vanish as p — oo.

a conclusion in G (Xlog ptb, Gy A =
We present such a result for the vanishing of components
of finite order £ > 1in G (X%’Q’Ai)
this theoretical gap:
Theorem 4: For g satisfying (1) and (4), a.a.s. there is no
component of finite order £k > 1 in G (X loxptb 5 g A%
Proof: See Appendix III of [33] ]

as p — oo to fill

Remark 4: Theorem 4 gives a sufficient condition on g
required for the number of components of fixed and finite
order k > 1in G (Xlogp+b,g,A 1
as p — oo. It is also 1nterest1ng to obtain a necessary
condition on ¢ required for the number of components of
fixed and finite order £ > 1 in g(Xlogp+b,g,A 1) to

be vanishingly small. The technique used in the proof of
Theorem 4 however cannot answer the above question on a
necessary condition on g. More specifically, denote by &, the
(random) number of components of order k£ in an instance

of G (X g, A 1 and let M be an arbitrarily large positive
integer M. The proof of Theorem 4 is based on an analysis of

E (Zk:Q §k). By showing that lim,_, (Zk:2 §k> =0,
it follows that lim,_, Pr (Zivjzz & = 0) =

to be vanishingly small

1. However
lim, 00 B (22/122 §k) = 0 is only a sufficient condition for

lim,_, o Pr (ZkM:2 &k = 0) = 1, not a necessary condition.
It would be interesting to develop a technique to obtain a tight
necessary condition on g required for the number of compo-
nents of fixed and finite order £k > 1 in G (Xlog p+b,g,A 1 )
to be vanishingly small.

VI. CONCLUSION

In this paper, we discussed the connectivity of
several network models including the widely used
dense network model G (X,,gr,,A), extended network

model g (Xl,g\/w,fl\/p
G (X,,9,R?). Using the scaling and coupling technique, it is
shown that the dense network model and the extended network
model are equivalent in their connectivity properties and they

and infinite network model

are also equivalent to the network model G ( X'1og p+b,g,A 1),
which can be obtained from the infinite network model
g (XIng+b,g,§R2) by removing all nodes and associated

connections outside the area A1 of G (X,,g,R?). Define
the effect associated with the above removal operation as
the truncation effect. A prerequisite for any (asymptotic)
conclusion obtained in the infinite network model to be
applicable to the dense and extended network models is
that the impact of the truncation effect must be vanishingly
small on the parameter concerned as p — oo - a conclusion
that often needs non-trivial analysis to establish. We then
conducted two case studies using a random connection
model, on the expected number of isolated nodes and on
the vanishing of components of fixed and finite order k£ > 1
respectively, with a focus on examining the impact of the
truncation effect and showed that the connection function g
has to decrease sufficiently fast in order for the truncation
effect to have a vanishingly small impact.

In the first case study, we showed that for g satisfying both
(1) and (4), the impact of the truncation effect on the number
of isolated nodes in G (X logp+0 5 s A L ) is vanishingly small
as p — oo. However for g satlsfylng (1) and (2) only, the
impact of the truncation effect on the number of isolated nodes



ingG (X log ptb , §y A L ) is non-negligible and may even be the
dominant factor in determlnlng the number of isolated nodes.

In the second case study, we first showed using an example
that due to the truncation effect, asymptotic vanishing of com-
ponents of fixed and finite order £ > 1 in an infinite network
does not carry over straightforwardly to the conclusion that
components of fixed and finite order £ > 1 also vanish
asymptotically in the dense and extended networks. Then to
fill this theoretical gap, a result is presented on the asymptotic
vanishing of components of finite order £ > 1 in the dense and
extended network models under a random connection model.

Some interesting results useful for the analysis of con-
nectivity under a random connection model in the dense
and extended networks were also established. These include
the expected number of isolated nodes, which resulted in a
necessary condition for a dense (or extended) network to be
connected, the vanishingly small impact of the boundary effect
on the number of isolated nodes, and the asymptotic vanishing
of components of finite order k& > 1.

Many results in the paper were given in the form of sufficient
conditions on the connection function g required for the impact
of the truncation effect to be vanishingly small. It will be
interesting and important to examine necessary conditions
on g required for the impact of the truncation effect to be
vanishingly small.

APPENDIX I PROOF OF THEOREM 1

In this Appendix, we give a proof of Theorem 1.

We analyze E (W) as p — oo. Denote by D (y,r,°) a
disk centered at y and w1th a radius 7, ¢, where ¢ is a small
positive constant and & < ;. Denote by B (A 1 ) CcA 1 an
area within r‘f of the border of A1 ; denote by EA 1 C A L

Tp
a rectangular area of size 7, x (r; — 27";5) wrthln T, of
one side of A 1, away from the corners of A 1 by r,¢, and
C A

of size r‘E X r‘f at the four corners of A1

there are four such areas; let ZA L denote a square

Frg 2 illustrates

these areas.
It follows from (8) that

lim E (W)
p—00
logp b

. log p+b ~Ja, T ellz—yl)de
= lim EAT 0, T dy

=0 J A C

T
—pry [a, 9(lz—yl)dz

= lim pri/ e o dy

proo A1 \B(A

Ny
—or2 [, 9(llz—yl)d=

+ lim 4pr / e T dy

p—00 LA 4

Tp

—ori [y 9llz—yl)dz
/ e T dy
ZA 1

Tp

+ lim 4p7“ (15)

p—00

The three summands in (15) represent respectively the
expected number of isolated nodes in the central area

VA1 r € EAL LA 1]
Tp P Tp P
KAL KAL
e Tp_l Arl \B ( ) ‘

P p
LA (AL LA
Tp) Tp Tp

Fig. 2: An Illustration of the boundary areas of A . The areas

LA 1, A 1 are self-explanatory and B (A 1 ) is the shaded

area in the ﬁgure

AL\B (AL

), in the boundary area along the four sides of
A and in the four corners of A1

. 1. In the following analysis,
we will show that for ¢ satisfying both (1) and (4), the first
term approaches e~? as p — 0o, and the second and the third
terms approach 0 as p — oco.

Consider the first summand in (15). Using the definition of
r, in (5), first it can be shown that for any y and therefore

yec A1 \B ( ) (see Fig. 2 for the region A 1 \B ( )):
—pr2 [ _e x— dx
lim pe P ,,JD(y,Tp )9(” yl)
p—r00
) —pr; (j;Rz g(\lm—yH)dw—j;RZ\D(y'T;e) g(l\w—ylt)dm)
= lim pe
p—r00
—pr2| Cc— —e x— dx
— tim e Pp( fwz\D(yy,,p )Q(H yl) )
p—r00
— im et fRQ\D( )g(Hw yl))d=
p—r00
log ptb > 2nrg(r)dr
= ePlime ¢ ‘ffp 5(r) (16)
p—r00

It can be shown further using (5) that (following the
equation, detailed explanations are given):

p—+00

1 b
lim M/ 27rg (r) dr
C e

f::i 27rg (r) dr

= lim
pree log p+b
_ —e —¢\ (_e,—e—21=(logp+b)
~ lim 2mr, g(?“p ) ( 27p Cp2
p—00 _%
p(log p+b)

1 b—1
= hrn e (log p + b)* r 25 2g (r,°) oepto—

Cp

= hm me (logp + b)2 _289 (TP_E) (17)



1
= hm e (10gp+b)2 7250;3 <_2510g(_25)> (18)

1
P (252 (log (logp + b) — log C — logp)2>>
=0 (19)

= lim
pP—00

(7r5 (log p + b)*

where L'Hi;cepital’s rule is used in the second step of the

above equation, and g () = o, m is used from (17)

to (18). As a result of (16) and (19)
7PT§ JlD(y'T/J—

yolle-vliz _ _,

(20)

lim pe
p—r00

It follows that (see Fig. 2 for an illustration of the region
A1 \B (AL), which is unshaded in the figure.)

o o

) —prp fa , 9(lz—yl)da
lim prp/ e T dy
p—roo A1 \B(A
2 (43)
2 e — d;

< lim PTz/ e’ pr(y’Tﬂ )g(Hw vihde

p—reo AL\B<AL>

Tp

—pry —ey 9(llzl)d
= lim (pe : fD(O’T” ) m) ri/ dy
p—r00 AL \B(A 1 >

Tp

dy

=e
and
—pr3 [, . 9(lz—yl)d=
lim 2/ 5 d
prp (& y
proo AL \B( )
7p "p
>  lim 7"2/ e Iz 9(l@—ylDde gy,
p—r00 A \B(A 1
Tp
— eib
Therefore

g(llz—yll)d=

e ; -
Yy=e¢e

e p b

lim pr? /
p—yoo’ P AL/B<AL>
o o
(21)
For the second term in (15), an illustration of the boundary
area for y € /A1 is shown in Fig. 3.

”p
Define L, (A L ND(y,r, )) \D, (i.e. the shaded area

in Fig. 3b). The symbols D,, Cy, l, and R, are defined in
Fig. 3. It can be shown that

—porp [y, 9(lz—yl)de
/ e o dy
A 4

Tp

, =P Sa ) an(rpe) dleyllde
p / pe K dy
LA 1

Tp

4 lim pr;

p—r00

<4 lim r

p—r00

Border of A 1 Border of A1
/ ! L/

-

‘A\

(@) (b)

Fig. 3: An illustration of the boundary area for y € £A 1 . The
figure is drawn for y located near the left border of AL . The
situations for y near the top, bottom and right borders of A1

Tp
can be drawn analogously. D (y, r,c ) is a disk centered at y
and has a radius r;a Iy is the distance between y and the
border of A . D, is a half disk centered at y, with a radius

78

and on the right side of y. C, is a half disk centered at
y, with a radius [, and on the left side of y. Ry, C A1 N

D (y,r, <) is a rectangle of I, x 24/, >* — I2 on the left side
of y. L, = (Ai NnD (y,r;s)) \D, is the shaded area in
sub-figure b. ’

4 lim 2 / pe 7 (I, llz=vl)det),, alle—ylde) ;.
LA 3

p—r00

Tp

=t Jim (o
phe? /M ¢ I, oo =vlde g,

Tp

3oy Io(o.r7%) g(lwl)dm>
(22)

3073 I 0,5y 92z

For the first term p%e in (22), it can

be shown that

) N —%pTi.fD(Omfa)g(l\w\l)dw
lim pze 4
p—00

el (.fw s(ll2Ndz—fya p(o ) g(HwH)dw)

= lim p?e
pP—r00
1on
= lim pherborio T ooy e
pP—r00
= 3 (23)
where (19) is used in reaching (23).
Let v be a positive constant and % > > 5. Let A bea



positive constant such that

A
/ 2rxg (x) de = y2C (24)
0
The existence of such a positive constant /A can be shown by
using (6) and noting that 2y < 1. Using the non-increasing
property of g, it can also be shown that g (A) > 0; otherwise
1t can be shown that fo 2nxg (x) de = C which implies v =
This constitutes a contradiction with the requirement that
% > 7 > 5. Therefore g (A) > 0. In the following analysis,
it is assumed that p is sufficiently large such that r /¢ > 2A.
For the second term in (22), it can be shown that

lim pér2/ ¢~ oy slle—vldz
p—00 P Joa

Tp

(7 279

e Pl g<|w—y|)dmdy>

= lim
p—00

(25)

Tp
X
0

T*E
lim pérp/ * ol g(Hw—yll)dmdy
p—00

_ logp+b —prszu g(lz— yl\)dﬂc
p‘)OO

im M (/ e P e, 9(ll== vihde g,

p—00 C 0

= 1
o o, olm—yl)dx dy>

IN

7.; €
+ /
JAN

where in (25) y represents a (any) point in /A, at a Euclidean
distance y € [0,7,°¢] apart from the border of A,. Define
A2 % for convenience, it can be further shown that in
(26)

(26)

A C I

1im\/X/p67
A

p—r00
< lim ﬁ/r”_ P8 Ve, 9=yl g
- p—oo A
— lim \5/ ’ =302 Y 2rag(@)da g,
p—r00 A
= lim \/X/Tp 6—%PT5(IOA 2nzg(x)dr+[¥ 27T$g(m)dw)dy
p—r00 A
T;E 1 2 rA
< lim VA / e 305 I3 2mag(@)de g
- p—oo A
- AR ﬁ/ - ety @7)
p—r00 A
~ lim VA (et (082 ED) T A
p—r00 Op
-0 (28)

where (24) is used in reaching (27), and v > 5 is used in

reaching (28). It can also be shown that for the other term in

(26),
lim W/A ¢ o I, 9lle—ylhde g
p—r00 C o
2 2 [ glla—yl)dz
S lim \/X/ e P IRy dy (29)
pP—>00
— lim VX[ e P2l Vit " o(VEEERR ) dada g
p—r00
< lm VA / o2t 1 (R ey, (30,
pP—>00 0
A €
< lim VA / 2y 17 (Vs g (31
pP—00 0
A 2 vy -
< lim ﬁ/ e—Pro2Jd Jo g(z+0)dzdegy (30)
p—r00 0
A o 3o
= lim ﬁ/ e P2y Jo g(z+A)dzdy (33)
pP—>00 0
where (30) is obtained by noting that 7"*25 — 2 > ( —e _ x)2
for r—e > x (note that for p sufﬁ01ent1y large, Ty S A >y >

), (31) is obtained by noting that x < A and (32) is obtained
by noting that y < A and the non-increasing property of g.
Let p be sufficiently large such that 7, > 2/ and also note

that g (A) > 0. Therefore 3 £ fo (z+ A)dz is a positive
constant and 8 > 0. It then follows from (33) that

A .
lim (/1082 F0 [T i fy, alle—viie
p—>00 C 0
logp+b (2 2
lim /| ———— / e P2ty dy
p—r00 C 0
_ [logp+b 1—erri2pl
1m X
p—00 C

IN

= 1

pra2f
logp+b 1— e 2p0msE
= lim C X Tog 71
p—r 00 257

= 0 (34)
As a result of (28) and (34), both terms on the right hand
side of (26) go to zero and it follows that

lim pérﬁ/ o b, olla=vlbid g
LA

p—r00
p

The above equation, together with (22) and (23), leads to the

conclusion that
/ oL, olm=vlde
LA

P

4 lim pr, (35)

p—00

i.e. the second term in (15) approaches 0 as p — oc.
For the third term in (15), it can be shown that

=pry fa, 9Ulz—yl)da
/ e o dy
ZA

p

, —pr; fALﬁD(y’,,p—s) g(llz—yl)d=
/ e p dy
LA,

4 lim pr;

p—00

< 4 lim pr,

p—+00

p



IN

—i2f —e\ 9(llz—yl))dz
4 lim pr2/ e rin(vrp)? dy

p—oo P
Tp
1 2 r
) 2 o —szpJD( Fs)g(l\w—y\\)dm
= 4 lim (r;°) ripe vore
pﬁoo( o ) oP

B — x— x
— 4 lim 2% e ir p<C JRZ\D(W;E)Q(H yl)d )
P

p—00
1 DN'TC 1
— 4 lim (Ogcpf-i—> pe—z(logp‘f‘b) (36)
p—00 p
— 40—1+€€—ib lim (logp + b)l_s
pP—r00 p%—‘f
= 0 (37)

where the second step results by noting that for any y &
ZA., A, N D (y,rp_s) covers at least one quarter of
Tp
D (y,r;s), (19) is used in reaching (36), and € < % is used
in the final step.
As a result of (15), (21), (35) and (37):
lim B (W) =¢""

p—+00

(38)

APPENDIX II: PROOF OF LEMMA 1

The torus that is commonly discussed in random geometric
graph theory is essentially the same as a square except that
the distance between two points on a torus is defined by
their toroidal distance, instead of Euclidean distance. Thus

a pair of nodes in G  Xwgpts,g, AL ), located at x;
% O

Tp
and xo respectively, are directly connected with probability
g (H:m - w2||T) where ||z1 — @2||” denotes the toroidal dis-

tance between the two nodes. For a unit torus AT = [—1, 1] 2,
the toroidal distance is given by [10, p. 13]:
Hsc1—:c2||Témin{Hsc1+z—ac2H 1z € 7%} (39)

The toroidal distance between points on a torus of any other
size can be computed analogously.

Remark 5: The use of toroidal distance allows nodes lo-
cated near the boundary to have the same number of con-
nections probabilistically as a node located near the center.
Therefore it allows the removal of the boundary effect that is
present in a square. The consideration of a torus implies that
there is no need to consider special cases occurring near the
boundary of the region and that events inside the region do
not depend on the particular location inside the region. This
often simplifies the analysis.

From now on, whenever the difference between a torus and
a square affects the parameter being discussed, we use super-
script ' to mark the parameter in a torus.

We note the following relation between toroidal distance and
Euclidean distance on a square area centered at the origin:

B
\
8
N
A

(40)

T (41)

which will be used in the later analysis.

It can then be shown that for an arbitrary node in
QT Xlogcp+b,g’z4£

Tp

> at location y, the probability that it
is isolated is given by:
—Jar, et g(le—yl ") da
Pr(l)=1) = e ™
—far, (||| ) de

= e Tp

—Ja, EEPo(lzl)de
= e Tp
where in the second step, the property of a torus that the
probability that an arbitrary node at location y is isolated is
equal to the probability that a node at the origin is isolated is
used; in the third step (41) is used.

Thus the expected number of isolated nodes in
GgT (Xlogp“,g,Aj;) is given by
e} o
EWT)
o logptd
1 b _in &= g(|lx|)de
_ / logp+b " dy  (@42)
a, C
TP
log p+b
110g +b 7IAL &= 9(llel)de
- 7%(3 2 43)
"o
~Ja, =gl d
= pe T (44)

First it can be shown using (6) that for g satisfying (4)

i ~Io(o.rse) L8 L2l (]| dae
m pe ’
p—>oop

e (c_fW\D(O‘T;E) g<||w|\>dw>
= lim pe
p—roo

b g EERR [ 2mag(a)de
= ¢’ lime Tp
p—r00

= e (45)

where D (0, z) denotes a disk centered at the origin and with
a radius x, € is a small positive constant, and the last step
results because

[=e 2mag () da

lim
proo log p+b
7.(.6,,,759 r—¢ 7,,75721080-"-!7—1
_ 1520 4 ( 4 )1p Cp? (46)
’ p(log p+b)*
1
= lim 7e(logp +b)*r %0, | ——
P00 (log p+ )7, oy 5% log® (7‘;25)

= 0

where L’Hi;cepital’s rule is used in reaching (46) and in
the third step g (z) = 01.( ) is used. Note that by
definition of C in (6),

1
z2log? x

RELEL (||| da —b

pe— Jp2 =& =e 47



and

pe~ w2z 25 g(ll)dz
—Ja, EEP gl da
< pe v
_ . log p+b d
< e fD(o‘Tp ) e g(llz|)da 48)
As a result of (42), (45), (47) and (48)
lim E(W") = e° (49)
p—>00
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