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Abstract—This paper studies networks where all nodes are
distributed on a unit square A = [—1, 1] following a Poisson
distribution with known density p and a pair of nodes separated
by an Euclidean distance x are directly connected with proba-
bility g,,(z) £ g(z/r,), independent of the event that any other
pair of nodes are directly connected. Here g : [0,00) — [0, 1]
satisfies the conditions of rotational invariance, non-increasing
monotonicity, integral boundedness and g (z) = o(1/(2” log® ));
further, 7, = /(log p 4 b)/(Cp) where C = [, g(||x||)dz and
b is a constant. Denote the above network by G (X,, g, A). We
show that as p — o0, a) the distribution of the number of isolated
nodes in G (Xp, Grps A) converges to a Poisson distribution with
mean e~’; b) asymptotically almost surely (a.a.s.) there is no
component in G (X,, g.,, A) of fixed and finite order k > 1; ¢)
a.a.s. the number of components with an unbounded order is
one. Therefore as p — oo, the network a.a.s. contains a unique
unbounded component and isolated nodes only; a sufficient and
necessary condition for G (Xp, grp,A) to be a.a.s. connected is
that there is no isolated node in the network, which occurs when
b — oo as p — oo. These results expand recent results obtained
for connectivity of random geometric graphs from the unit disk
model and the fewer results from the log-normal model to the
more generic and more practical random connection model.

Index Terms—Connectivity, random geometric graph, random
connection model

I. INTRODUCTION

Connectivity is one of the most fundamental properties of
wireless multi-hop networks [2]-[4]. A network is said to be
connected if there is a path between any pair of nodes.

Extensive research has been done on connectivity problems
using the well-known random geometric graph and the unit
disk connection model, which is usually obtained by randomly
and uniformly distributing n vertices in a given area and
connecting any two vertices iff (if and only if) their Euclidean
distance is smaller than or equal to a given threshold r(n)
[3], [5]. Significant outcomes have been obtained [2], [3], [6].
Particularly, Penrose [7], [8] and Gupta and Kumar [2] proved
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using different techniques that if the transmission range is set
tor (n) = /(logn + c(n))/(7n), a random network formed
by uniformly placing n nodes on a unit-area disk in %2 is
asymptotically almost surely (a.a.s.) connected as n — oo
iff ¢(n) — oo. [An event & is said to occur almost surely
if its probability equals to one; an event &, depending on
n is said to occur a.a.s. if its probability tends to one as
n — oo]. Specifically, Penrose’s result is based on the fact
that in the above random network as n — oo the longest edge
of the minimum spanning tree converges in probability to the
minimum transmission range required for the above network to
have no isolated nodes [3], [7], [8]. Gupta and Kumar’s result
is based on a key finding in continuum percolation theory [9,
Chapter 6]: consider an infinite network with nodes distributed
on R2 following a Poisson distribution with density p; and
suppose that a pair of nodes separated by an Euclidean distance
x are directly connected with probability ¢ (x), independent
of the event that another distinct pair of nodes are directly
connected. Here, g : R — [0,1] satisfies the conditions of
rotational invariance, non-increasing monotonicity and integral
boundedness [9, pp. 151-152]. Denote the above network by
G(X,,9,R%). As p — 00, a.as. G(X,,g,R?) has only a
unique infinite component and isolated nodes. The work of
Gupta and Kumar is however incomplete to the extent that
the above result obtained in continuum percolation theory for
an infinite network cannot, counter to intuition, be directly
applied to a finite (or asymptotically infinite) network on a
finite (or asymptotically infinite) area in %2 [10].

In addition to the above work based on the unit disk connec-
tion model, there is also limited work [11], [12] dealing with
the necessary condition for a random network to be connected
under the log-normal shadowing connection model. Under
the log-normal shadowing connection model, two nodes are
directly connected if the received power at one node from the
other node, whose attenuation follows the log-normal model,
is greater than a given threshold. The results in [11], [12]
however rely on the assumption that the node isolation events
are independent. This assumption has only been justified using
simulations.

Some work also exists on the analysis of the asymptotic
distribution of the number of isolated nodes [3], [13]-[15]
under the assumption of a unit disk model. In [13], Yi et al.
considered a total of n nodes distributed independently and
uniformly on a unit-area disk and each node may be active
independently with some probability p. A node is considered
to be isolated if it is not directly connected to any of the
active nodes. Using some complicated geometric analysis,
they showed that if all nodes have a maximum transmission




range 7(n) = \/(logn + &) /(wpn) for some constant &, the
total number of isolated nodes is asymptotically Poissonly
distributed with mean e~¢. In [14], [15], Franceschetti et
al. derived essentially the same result using the Chen-Stein
technique. A similar result can also be found in the earlier
work of Penrose [3] in a continuum percolation setting.

In this paper, we consider a network where all nodes are
distributed on a unit square A £ [—1, 112 following a Poisson
distribution with known density p and a pair of nodes are
directly connected following a generic random connection
model g,,, to be rigorously defined in Section II. Denote the
above network by G ( s grp,A), where X, denotes the set
of nodes in the network. We give the sufficient and necessary
condition for G (X,,, gr,, A) to be a.a.s. connected as p — co.
The results in this paper expand the above results on network
connectivity to a more generic random connection model, with
the unit disk model and the log-normal model being two
special cases, thus providing an important link that allows the
expansion of other associated results on connectivity to the
random connection model.

The main contributions of this paper are:

1) Using the Chen-Stein technique [16], [17], we show
that the distribution of the number of isolated nodes
in g ( 03 Grp s A) asymptotically converges to a Poisson
distribution as p — oo. This result readily leads to
a necessary condition for g( mgTP,A) to be a.a.s.
connected as p — oo;

2) We show that as p — oo, the number of compo-
nents in G ( o) grp,A) of unbounded order converges
to one. This result, together with the result in [10]
that the number of components of finite order £ > 1
in G (X,,gr,,A) asymptotically vanishes as p — oo,
allows us to conclude that as p — o0, a.a.s. there are
only a unique unbounded component and isolated nodes
in g( p,g7p,A)

3) The above results allow us to establish that the suffi-
cient and necessary condition for G ( 03 Jr s A) to be
a.a.s. connected is that there is no isolated node in the
network. On that basis, we obtain the asymptotic proba-
bility that G ( 03 Grp ,A) forms a connected network as
p — oo and the sufﬁc1ent and necessary condition for
G (X,,9r,,A) to be a.a.s. connected.

The rest of this paper is organized as follows: Section II
introduces the network model and problem setting; Section III
establishes a necessary condition for G ( 03 Grp A) to be a.a.s.
connected; Section IV first establishes a sufficient condition
for G (X,,gr,,A) to be a.a.s. connected and on that basis,
together with the results in Section III, then establishes the
sufficient and necessary condition for g( p,grp,A) to be
a.a.s. connected; finally Section V concludes the paper.

II. NETWORK MODEL AND PROBLEM SETTING

We consider a network where all nodes are distributed on a
unit square A £ [—7, 7]% following a Poisson distribution with

known density p and a pair of nodes are directly connected
following a random connection model, viz. a pair of nodes
separated by an Euclidean distance x are directly connected

with probability g, (z) £ g(z/r,), where g : [0,00) — [0, 1],
independent of the event that another pair of nodes are directly
connected. Here

rp =/ (logp+b)/(Cp) (1)

and b is a constant. The reason for choosing this particular
form of 7, is that the analysis becomes nontrivial when b is a
constant. Other forms of r, can be accommodated by dropping
the assumption that b is constant, i.e. b becomes a function of
p, and allowing b — oo or b — —oo as p — oo. The results are
rapidly attainable, and we discuss these situations separately
in Sections III and IV.

The function g is usually required to satisfy the following
properties of monotonicity, integral boundedness and rota-
tional invariance [9], [15, Chapter 6]':

g9(x) <g(y)
0<C2 [hg(z])de < oo 3)

whenever x >y (2)

where |||| represents the Euclidean norm. We refer readers to
[9], [15, Chapter 6] for detailed discussions on the random
connection model.

Equations (2) and (3) allow us to conclude that [10, Equa-
tion (3)]?

g (@) = 0,(1/2?) 4)

However, we require g to satisfy the more restrictive re-
quirement that

g(z) = 0.(1/(z*log” z)) 5

The condition (5) is only slightly more restrictive than (4)
in that for an arbitrarily small positive constant &, 1/2%+¢ =
0(1/(221og? ). The more restrictive requirement is needed
to ensure that the impact of the truncation effect on connec-
tivity is asymptotically vanishingly small as p — oo [10].

For convenience we also assume that g has infinite support
when necessary. Our results however apply to the situation
when g has bounded support, which forms a special case and
actually makes the analysis easier.

Denote the above network by G ( 03 Grp s A). It is obvious
that under a unit disk model where g(x) = 1 for z < 1 and
g(x) = 0for z > 1, r, corresponds to the critical transmission
range for connectivity [2]. Thus the above model incorporates
the unit disk model as a special case. A similar conclusion
can also be drawn for the log-normal connection model.

I'Throughout this paper, we use the non-bold symbol, e.g. x, to denote a
scalar and the bold symbol, e.g. @, to denote a vector.

2The following notations and definitions are used throughout the paper:

o f(2)=o0:(h(2)) iff im, oo % =0;

e f(2)= wz(h (2)) iff h(2) = 02 (f (2));

o f(2) = ©.(h(2)) iff there exist a sufficiently large zo and two positive
constants ¢1 and cg such that for any z > zo, c1h(z) > f(2) >
cah (2);

o f(2)~:h [z

(2) iff lims—o0 £ = 1;




III. NECESSARY CONDITION FOR a.a.s. CONNECTED
NETWORK

In this section, as an intermediate step to obtaining the
main result, we first and temporarily consider a network
with the same node distribution and connection model as
g (Xp, Gr s A) however with nodes deployed on a unit torus
AT £ [-1 112 Denote the network on the torus by
GgT (X,,,grp,A). We show that as p — oo, the distribu-
tion of the number of isolated nodes in GT (Xp,grp,A),
denoted by W7, asymptotically converges to a Poisson dis-
tribution with mean e~®. We then extend the above result to
G (X,,9r,,A). On that basis, we obtain a necessary condition
for g (Xp, Grp>s A) to be a.a.s. connected as p — oo.

A. Distribution of the number of isolated nodes on a torus

In this subsection, we analyze the distribution of the number
of isolated nodes in G* (X,,g,,, A).

The use of a toroidal rather than planar region as a tool
in analyzing network properties is well known [3]. The unit
torus AT = [-1,1]? that is commonly used in random
geometric graph theory is essentially the same as a unit square
A = [—1,3]* except that the distance between two points
on a torus is defined by their toroidal distance, instead of
Euclidean distance. Thus a pair of nodes in G” (Xp, grp,A),
located at x;, and x5 respectively, are directly connected with
probability g, (||z1 — xo|") where ||zy — @2||” denotes the
toroidal distance between the two nodes. For a unit torus

11

AT =[—4,1]?, the toroidal distance is given by [3, p. 13]:

|21 — aof|” 2 min{||z) + 2z — x| : 2 € 2%} (6)

In this section, whenever the difference between a torus
and a square affects the parameter being discussed, we use
superscript 7 to mark the parameter in a torus while the
unmarked parameter is associated with a square.

We note the following relation between toroidal distance and
Euclidean distance on a square area centered at the origin:

T T
@1 — @o||” < lz1 — @2 and |zf|” =zl %)

which will be used in the later analysis.
The main result of this subsection is given in Theorem 1.

Theorem 1. The distribution of the number of isolated nodes
in GT'(X,,gr,,A) converges to a Poisson distribution with
mean e " as p — 0Q.

Proof: See Appendix 1. ]

B. Distribution of the number of isolated nodes on a square

We now consider the asymptotic distribution of the number
of isolated nodes in G (X,, g,,, A).

Let W be the number of isolated nodes in G (X, g,, A
and W¥ be the number of isolated nodes in G Xy, gr, A
due to the boundary effect. Using the coupling technique, it
can be readily shown that W = W + W7 [10]. Using the

above equation, Theorem 1, Lemma 2 in [107%, which showed
that lim,_, o, Pr(W¥ = 0) = 1, and Slutsky’s theorem [18],
the following result on the asymptotic distribution of W can
be readily obtained.

Theorem 2. The distribution of the number of isolated nodes
in G (Xp,grp,A) converges to a Poisson distribution with
mean e~ " as p — 0Q.

Corollary 3 follows immediately from Theorem 2.

Corollary 3. As p — oo, the probability that ihere is no

isolated node in G (Xp, Grps A) converges to e~¢

Now we relax requirement that b is a constant to obtain
a necessary condition for G (X,,g,,,A) to be a.a.s. con-
nected. Specifically, consider the situation when b — —oo
or b — oo as p — oo. Note that the property that the
network G (Xp, Grps A) has no isolated node is an increasing
property (For an arbitrary network, a particular property is
termed increasing if the property is preserved when more
connections (edges) are added into the network.). Using a
coupling technique similar to that used in [15, Chapter 2] and
with a few simple steps (omitted), the following theorem and
corollary can be obtained, which form a major contribution of
this paper:

Theorem 4. In G (X,,g,,, A), if b — o0 as p — oo, a.a.s.
there is no isolated node in the network; if b — —oo as p —
o0, a.a.s. the network has at least one isolated node.

Corollary 5. b — oo is a necessary condition for
g (Xp, Grps A) to be a.a.s. connected as p — .

IV. SUFFICIENT CONDITION FOR a.a.s. CONNECTED
NETWORK

In this section, we continue to investigate the sufficient
condition for G (X, gr,, A) to be a.a.s. connected. In [10]
we showed that vanishing of components of finite order & > 1
in G (Xp,g, §R2) as p — oo (as shown in [9, Theorems 6.3])
does not necessarily carry the conclusion that components of
finite order k > 1 in G (X, g,,, A) also vanish as p — oo,
contrary perhaps to intuition. Then, we presented a result
for the vanishing of components of finite order £k > 1 in
Q(Xp,grp,A) as p — oo to fill this theoretical gap [10,
Theorem 4]. On the basis of the above results, we shall
further demonstrate in this section that a.a.s. the number of
unbounded components in G (X, g,,, A) is one as p — co. A
sufficient condition for G (X,, g,,, A) to be a.a.s. connected
readily follows.

In [9, Theorem 6.3], it was shown that there can be at
most one unbounded component in G (Xp, g,§R2). However

3Let G (X N9, A 1 | be a network with nodes Poissonly distributed on
P
f%, %]2 with density A = (log p + b)/C and a pair
P P
of nodes sep%rated by an Euclidean distance x are directly connected with
probability g(x), independent of other connections. Results in [10] are derived

asquare A 1 =

for G | Xx,g,A 1 |. By proper scaling, it is straightforward to extend the
Tp

results for G th,Ai) to G (Xp,grp,A). Therefore we ignore the
Tp

difference.



due to the truncation effect [10], it appears difficult to establish
such a conclusion using [9, Theorem 6.3]. Indeed differently
from G (Xp, g, %2) in which an unbounded component may
exist for a finite p, it can be easily shown that for any finite
p, Pr(|X,| <oo) = 1, ie. the total number of nodes in
G (X,,9r,,A) is almost surely finite. It then follows that for
any finite p almost surely there is no unbounded component
in G (Xp,grp,A) .

In this paper, we solve the above conceptual difficulty
involving use of the term “unbounded component” by con-
sidering the number of components in G (X,,g,,,A) of
order greater than M, denoted by &sps, where M is
an arbitrarily large positive integer. We then show that
lim /00 lim,—y 00 Pr(§5a7 = 1) = 1. The analytical result is
summarized in the following theorem, which forms a further
major contribution of this paper:

Theorem 6. As p — oo, a.a.s. the number of unbounded
components in G (Xp, Grps A) is one.

Proof: See Appendix II [ |

Remark 7. Proof of the type of results in Theorem 6 usually
requires some complicated geometric analysis. Particularly the
proof of Lemma 15 in Appendix II, which forms a foundation
of the proof of Theorem 6, needs sophisticated geometric
analysis. In this paper, we omitted the proof of Lemma 15
because the proof is exactly the same as the proof of Theorem
2, which in turn relies on some results established in [10]. We
refer interested readers to the proof of Theorem 1 in [10]
for techniques on handling geometric obstacles involved in
analyzing the boundary effect and to the proof of Theorem 4 in
[10] for techniques on handling geometric obstacles involved
in analyzing the number of components in G (X,,, Grp A).

An implication of Theorem 6 is that for an arbitrarily small
positive constant €, there exists large positive constants My
and pg such that for all M > My and p > pg, Pr(ésp = 1) >
1 —e. From (61) in Appendix II, it can further be concluded
that for a particular positive integer M and an arbitrarily small
positive constant ¢, there exists pg such that for all p > po,

o~ (M+1)b

Pr(6on =1)>1- S —¢

(M+1)! ®

The following corollary can be obtained from [10, Theorem
4] and Theorem 6:

Corollary 8. As p — oo, aas. G (X, gr,,A) forms a
connected network iff there is no isolated node in it.

Proof: Let £ be the total number of components in
G (X, gr,, A). Tt is clear that & = & + 330, & + Eous
where &, is the number of components of order k. Noting that
£ =1iff G (X,, gr,, A) forms a connected network, it suffices
to show that lim, . Pr (£ = 1|§; = 0) = 1. We observe that

Pr(é': 1751 :0)

M
>Pr(& =0, & =0,&m =1)

k=2

M

=Pr(6 =0) = (Pr(d>_& =0)+Pr(Som = 1))

k=2

€))

where in (9) €57 = 1 represents the complement of the event
&<y = 1 and (9) results as a consequence of the union bound.
Further note that (9) is valid for any value of M and that
Pr (&1 = 0) converges to a non-zero constant e "asp— 00
(Theorem 2). Using the above results, [10, Theorem 4] which
showed that lim, ., Pr(3 s ,& = 0) = 1, and (8), and
following a few simple steps (omitted), it can be shown that
for an arbitrarily small positive constant €, by choosing M to
be sufficiently large, there exists py such that for all p > po,
Pr(¢=1&=0)>1—e [ |

As an easy consequence of Theorem 2 and Corollary 8, the
following theorem can be established:

Theorem 9. As p — oo, the probability that G (X,, gy, , A)
b

forms a connected network converges to e~ ¢

Using the above theorem and a similar analysis as that
leading to Theorem 4 and Corollary 5, the following theorem
on the sufficient and necessary condition for G (X, g,, A) to
be a.a.s. connected can be obtained:

Theorem 10. As p — oo, G (Xp,grp,A) is a.a.s. connected
iff b — o0, G (Xp,g,«p7 A) is a.a.s. disconnected iff b — —oo.

V. CONCLUSION AND FURTHER WORK

Following the seminal work of Penrose [3], [5] and Gupta
and Kumar [2] on the asymptotic connectivity of large-scale
random networks with Poisson node distribution and under
the unit disk model, there is general expectation that there is
a range of connection functions for which the above results
[2], [3], [5] obtained assuming the unit disk model can carry
over. However, for quite a long time, both the asymptotic
laws that the network should follow and the conditions on
the connection function required for the network to be a.a.s.
connected under a more generic setting have been unknown.
In this paper, we filled in the gaps by providing the sufficient
and necessary condition for a network with nodes Poissonly
distributed on a unit square and following a generic random
connection model to be a.a.s. connected as p — oo. The
conditions on the connection function required in order for
the above network to be a.a.s. connected were also provided.
Therefore, the results in the paper constitute a significant
advance of the earlier work by Penrose [3], [5] and Gupta
and Kumar [2] from the unit disk model to the more generic
random connection model and bring models addressed by
theoretical research closer to reality.

However, there remain significant challenges ahead. The
results in this paper rely on three main assumptions: a) the
connection function g is isotropic, b) the random events under-
pinning generation of a connection are independent, c) nodes
are Poissonly distributed. We conjecture that assumption a) is
not a critical assumption, i.e. under some mild conditions, e.g.
nodes are independently and randomly oriented, assumption
a) can be removed while our results are still valid. It is
part of our future work plan to validate the conjecture. Our
results however critically rely on assumption b), which is



not necessarily valid in some real networks due to channel
correlation and interference, where the latter effect makes the
connection between a pair of nodes dependent on the locations
and activities of other nearby nodes. In [19] we have done
some preliminary work on network connectivity considering
the impact of interference. The work essentially uses a de-
coupling approach to solve the challenges of connection
correlation caused by interference and suggests that when
some realistic constraints are considered, i.e. carrier-sensing,
the connectivity results will be very close to those obtained
under a unit disk model. This conclusion is in contrast with
that [20] obtained under an ALOHA multiple-access protocol.
A more thorough investigation is yet to be done. The major
obstacle in dealing with the impact of channel correlation
is that there is no widely accepted model in the wireless
communication community capturing the impact of channel
correlation on connections. Finally, it is a logical move after
our work to consider connectivity of networks with nodes
following a generic distribution other than Poisson. It is part
of our future work plan to tackle the problem.

APPENDIX I: PROOF OF THEOREM 1

Our proof relies on the use of the Chen-Stein bound [16],
[17]. We first establish some preliminary results that allow us
to use the Chen-Stein bound for the analysis of number of
isolated nodes in GT ( 05 Orps A)

Divide the unit torus 1nto m2 non-overlapping squares each
with size —L;. Denote the i" square by A;, . Define two sets
of indicator random variables J! and I} with i,, € Ty,
{1,...m?}, where J' = 1iff there exists exactly one node in
A, 0therw1se JT 20, IT = 1 iff there is exactly one node
in A ., and that node is 1solated IT = 0 otherwise. Obviously
JZ-T is 1ndependent of J 3 Jm € Fm\ {im }. Denote the center
of AT by x;,, and w1thout loss of generality we assume
that when JT = 1, the associated node in A;, is at x; *.
Observe that for any fixed m, the values of Pr (IF =1) and
Pr (JlTy = 1) do not depend on the particular index ¢,, on a
torus. However both the set of indices I'),, and a particular
index i,, depend on m. As m changes, the square associated
with I and J? also changes.

Remark 11. In this paper, we are only interested in the limiting
values of various parameters associated with a sub-square as
m — o0o. Also because of the consideration of a torus, the
value of a particular index %,, does not affect the discussion
of the associated parameters, i.e. these parameters IT and
JT do not depend on i,,. Therefore in the followmg, we
omit some straightforward discussions on the convergence of
various parameters, €.g. iy, i, , IZ-Tm and Jgﬂ, as m — o0.

Without causing ambiguity, we drop the explicit dependence
on m in our notations for convenience. As an easy conse-
quence of the Poisson node distribution, Pr(JI = 1) ~,,
p/m?. Using [9, Proposition 1.3], Pr(I] = 1) = Pr(I] =
1|JT = 1) Pr(JI = 1) and the property of a torus (see also

4In this paper we are mainly concerned with the case that m — oo, i.e.
the size of the square is vanishingly small. Therefore the actual position of
the node in the square is not important.

[10, Lemma 1]), it can be shown that

- llo—=™
14 e~ IR PQ(T)dm

T _
Pr(I; =1) ~py -~

K2

_ [E/AR
= L arsEe (10)

m2

Now consider the event I I = 1,7 # j, conditioned on the
event that JI JJT = 1, meaning that both nodes having been
placed inside A; and A; respectively are isolated. Following
the same steps leading to (10), it can be shown that

. T7T __ T 1T __
Tim Pr(I[ 1] =177 I] = 1)

T T
=1 g2 opi [ ppgl==2
P A Tp
T Ty Tp
llzsi—a; "

where the term (1 — g( )) is due to the requirement
that the two nodes located inside A; and A; cannot be directly
connected given that they are both isolated nodes. Observe also
that Pr(IiTIJT =1) = Pr(JTJT =1) Pr(ITIT = 1\JTJT
1). Now using the above equation, (10) and (11), it can be
established that

Pr(Il'1l =1)
Pr(Il =1)Pr(I] =1)

s — ;]|” Jypg(lzmmlly ozl g
g(——))e’4 " o

o (1 —
( "

12)

Now we are ready to use the Chen-Stein bound to prove
Theorem 1. Particularly, we will show using the Chen-Stein

bound that
W= lim Y 1
m—00
i€l

(13)

asymptotically converges to a Poisson distribution with mean
e b as p— oo.

The following theorem gives a formal statement of the
Chen-Stein bound:

Theorem 12. [17, Theorem 1.A] For a set of indicator random
variables I;, i € T, define W £ > ier Li pi £ E(I;) and
n £ E(W). For any choice of the index set Is;cI, I's; N
{i} = {ige},

dTV([’ (W) 7PO (77))

. 1
< D0 +pE( Y 1) min(l, )
i€l JjEls i K
1
+ ZE Z ;)min(1, —)
el j€ls i n
. . 1
+ > B|BE{L|(I;,j € Tw)} — pi| min(1, -)
ier K
where L (W) denotes the distribution of W, Po (n) denotes a

Poisson distribution with mean n, T, ; = T\ {T's; U {i}} and
drv denotes the total variation distance. The total variation
distance between two probability distributions o and 3 on 7
is given by drv (o, B) £ sup {|a(A) — B (A)|: ACZT}.



For convenience, we separate the bound in Theorem 12 into
three terms by min(1, ) by min(1, 7) and b3 min(1, 7) where

by 2310 +p (Y 1)) (14)
el jels

b £Y E(L; Y L) (15)
iel JELs

b3 éZE‘E{LKIﬁ] er,i)}*p” (16)
el

The set of indices I' ; is often chosen to contain all those
7, other than ¢, for which I is “strongly” dependent on /; and
the set I',, ; often contains all other indices apart from ¢ for
which I; is at most “weakly” dependent on I; [16].

Remark 13. A main challenge in using the Chen-Stein bound
to prove Theorem 1 is that under the random connection
model, the two events I; and I; may be correlated even when
x; and x; are separated by a very large Euclidean distance.
Therefore the dependence structure is global, which signifi-
cantly increases the complexity of the analysis. In comparison,
in applications where the dependence structure is local, by
a suitable choice of I'y; the bs term can be easily made to
be 0 and the evaluation of the b; and b, terms involves the
computation of the first two moments of W only, which can
often be achieved relatively easily. An example is a random
geometric network under the unit disk model. If ', ; is chosen
to be a neighborhood of ¢ containing indices of all nodes
whose distance to node ¢ is less than or equal to twice the
transmission range, the b3 term is easily shown to be 0. It can
then be readily shown that the b; and by terms approach 0 as
the neighborhood size of a node becomes vanishingly small
compared to the overall network size as p — oo [14]. However
this is certainly not the case for the random connection model.

Remark 14. The key idea involved using the Chen-Stein bound
to prove Theorem 1 is constructing a neighborhood of a
node, i.e. I'y; in Theorem 12, such that a) the size of the
neighborhood becomes vanishingly small compared with A as
p — o0. This is required for the b; and by terms to approach 0
as p — o0; b) a.a.s. the neighborhood contains all nodes that
may have a direct connection with the node. This is required
for the b3 term to approach 0 as p — oo. Such a neighborhood
is defined in the next paragraph.

Let DT (x;,r) £ {z € A: |z — x;|" < r} and when x;
is not within r of the border of A, DT (x;,r) becomes the
same as D (x;,7) where D (x;,7) 2 {x € A : ||z —z;| <
r}. Further define the neighborhood of an index ¢ € T as
oo & {j + x; € DT (@i, 2r, ) }\{i} and define the
non-neighborhood of the index i as I'y; = {j : x; ¢
DT(:cZ,er €)} where € is a small positive constant and
€ € (0,3). It can be shown that

Ds,il = m*4mr? =2 4 op (mPdmr2—>) (17)

Note that in Theorem 12, p; = E(I}) and E(I) has been
given in (10). Further, as an easy consequence of (13) and [10,
Lemma 1] which showed that

||mu
lim E(W7T) = hm pe” Jars(T)de _ b

p—r00

(18)

lim o0 limy, oo p = e ?.

Using (10), p; = E(I}') and (18), it follows that

_ [/
lim m?p; = pe JapsC5m)d (19)
m— o0
lim lim m2pi = ¢® (20)

P—00 M—00

Next we shall evaluate the by, by and b3 terms in the
following three subsections separately and show that all three
terms converge to 0 as p — oco.

A. An Evaluation of the by Term

It can be shown that (following the equation, detailed
explanations are given)

(2 1)

lim lim Z pl +p E

pP—+00 M—+00

el jels
T . 2 ) T
=it mpBC 3, 1)
J€ELls, Ui}
= lim lim (m®p;)*4mr=> (21)
pP—>00 M—00
- l==eill™ %H logp+0b
— l 4 fA pg( )d:E 2 —€ 22
Jim dr(pe rFeEE )T @
1 b
—dme=2 Tim (282 2y (23)

p—+00

Cp
where (17) is used in obtaining (21); (1) and (19) are used in
obtaining (22); and (18) and (20) are used in obtaining (23).
Therefore lim,_, o im0 b1 = 0.

B. An Evaluation of the by Term

For the by term, assume that p is sufficiently large such
that % >> 2r ¢ and let A% = [fi,f] Using (11)
in the first step; and first using some translation and scaling
operations and then using (7) in the last step, equation (24)
can be obtained.

Letting A £ % for convenience, noting that (using (7)
and (3))
g(|lz|")de = hm /

and that 1 — g(||y|| ) <1, it can further be shown following
(24) that as p — oo,

T T
Jum fm > B ) 1)
iel J€ls

A M, alllelMa(llz—yl|™)dz
<e % lim = / e e dy
D(0,2r,°)

lim =C
pP—00 A

(lz - y||")de

p—00 P

(25)

In the following paragraphs, we will show that the right
hand side of (25) converges to 0 as p — oo. Using (2) and
(3), we assert that there exists a positive constant r such
that g (r~) (1 — g (r*)) > 0 where g (r~) £ lim,_,,— g ()
and g (r*) £ lim,_,,+ g (z). Indeed if ¢ is a continuous
function, any positive constant r with g (r) > 0 satisfies
the requirement; if g is a discontinuous function, e.g. a unit



A > BT 3 1)

el jels

2
P
= Jlim 5 > {0~

J€ls;

T

Zlfi—wj €r —

) exp[— / p(g(

p

|

_ 2 . _y”T ox
S R UEYEer SIS ‘

s [ oanpey (9l e /. 1 <g<||m||T> + gl — ")~ a(lle| Vg (lz — yl| ")) da]}dy

Tp

disk model, by choosing r to be the transmission range,
g (1—g(r) = 1.

In the following discussion we assume that p is sufficiently
large such that 7 - >> 2r,;¢ >> r. It can be shown using

(2), (3) and (7) that for y € D(O 2r7¢),
/A gl Mgl -y )da

< | sllzha(le -yl
¢ [ sl = (e~ yl)ia

< c—/ gzl - gz — y|))dz
D(0,7)\D(y,r)
—g(r

)@ —g (NIDO,\D(y,r)|  (26)

Let f(x) mr? — 2rarcsin(y/1 — 22/(412)) +

ray/1 — x2/(4r2). Using some simple geometric analysis, it
can be shown that

« when ||y|| > 2r, |D(0,7)\D(y,r)| = mr?; and

o when [ly[| < 2r, |D(0,r)\D(y,r)| = f(llyl)-
Further, using the definition of f (z), it can be shown that

o when [|y|| <7, |D(0,r)\D(y,7)| > \ﬂ"HyH and

o when ||y|| >, [D(0,r)\D(y,7)| > (5 +5°)r’.
For convenience, let ¢; = g(r ) (1 - g (rt))V/3r and
a2 g(r7)(1—g(rt)) (g ‘2[) r2. Noting that g (r~) (1—
g(rt)) >0, ¢; and ¢y are positive constants, independent of
both y and p.

As a result of (26) and the above inequalities on
|D(0,7)\D(y,r)|, it follows that

A Ma, 9lzMg(le—yl")dx
lim 7/ e v dy
D(0,2r, )

p—0 P

< lim i/ AC=aillul) gy
P 0 JD(0,r)

/ M=) gy 27)
P90 P JD(0,2r, “)\D(0,r)
For the first summand in the above equation, it can be shown
that:

p—r00 P

im i/ M= llul) gy
D(0,r)

T L — T; T r —XI; T xr €T, T
)+ — )=l - |l g( - O} da
z -yl z—x;||" z—yl”
Iz - o2 D22 ey

(24)

1 b " og ptb
— lim M/ Qﬁyel £L10 (C— )y =0 (28)
p=roo Cp 0

For the second summand in (27), by choosing € < % and
using (1), it follows that

lim 7/ M=) gy
P00 P JD(0,2r, )\D(0,r)
b(1-F) 1
—gim S OB 22— (o)
p—r00

p C
Combining (27), (28) and (29), it follows that

A X4 s g(lzl| D) g(lz—y||T)dx
lim 2 / e dy =0 (30)
D(0,2r, )

As a result of (25)

lim o0 limy, o0 b2 = 0.

and the above equation:

C. An Evaluation of the by Term

We first obtain an analytical expression of the term
E{I;|(I;,7 € T'y,)} in bs. Using the same procedure that
results in (12), it can be obtained that (for convenTience we
use g; for g(m) and use g;; for Q(M) in the
following equatlorf)

o PrUf =110 =11 =0)
m3se Pr(IT = 1)Pr(IT = 1, 1T = 0)
P =117 =1)-PrIf =1,I =1,I] = 1)
= lim

m—oo  Pr(IT = 1)(Pr(IjT =1)— Pr(IjT =11 =1))
o (1= gig) ela st
1— 2(1—gir)(1 — gj)e” Ja P(9k—9i9k =919 +9i9;9%)d

-

(1— gkj>e* S 4 p(9k—grg;)dx
(31)
Using (2), (3), (4) and (7), it can be shown that when j €
Ty, (or equivalently |z; — achT > 27‘,17‘5), the integrals of

some higher order terms inside the exponential function in
(31) satisty:

) (HCE—CCJH

T T
|z — i j
Pg( g )dx
A Tp Tp

T T
|z — | e — ;|
:/ pg( “—)g( :
DT (z;,mp" ) Tp Tp

)dx



e L —
+f polZ= il e =il
A\DT (x;,rp~°) Tp Tp

<2Cpr2g(r,©) ~, 0, (1)

Note also that g;;, = g(m) = 0,(1) for k € T ,.
Using the above equations and (12), it can be further shown
following (31) that when j,k € 'y, ;.

m lim PT(IT:1 IT:1 IT:())

pP—00 M—00 P’/‘(IT = l)PT’(IT =1 I]? = O)
 hm lim P?”(IT—l IT—l)

P—r00 M—>00 Pr(IT = I)PT(IT =1)

(32)

Equation (32) shows that the impact of those events, whose
associated indicator random variables I} = 0,k € I, ;, on the
event IT = 1 is asymptotically vanishingly small, hence can
be ignored. Denote by I'; a random set of indices containing all
indices j where j € I', ; and I; = 1, i.e. the node in question
is also isolated, and denote by ~; an instance of I';. Define
n 2 |;|. Following the same procedure that results in (32), it
can be established that (with some verbose but straightforward
discussions omitted)

E{IZTKIij.] € Fw,i)}

2
B{IF|(I] = 1,5 € %)}

_P_
m2

lim lim
pP—00 M—00

= lim lim
pP—r00 M—00

eI T ow. || T
— him Bl T e, 00 e

p—00
< [Ia gl mly, (3)
J€vi P

Equation (33) gives an analytical expression of the term
E{IiT|(IjT,j € I'y.i) }- To solve the challenges associated with
handling the absolute value term in bs, viz. |E{I]|(I],j €
T'w.:)} — pi|, we further obtain an upper and a lower bound
of IiT\(IJT,j € I'y,i), which allows us to remove the absolute
value sign in the further analysis of bs.

Note that =; and x;,j € I'y,; is separated by a distance
not smaller than 27“;6. Using (2), a lower bound on the value

inside the expectation operator in (33) is given by

(1—g(2r,%))"e

An upper bound on the value inside the expectation operator
in (33) is given by

_ fA pg( H 1” )d:l:

Br: = (34)

—prg(”w m’” ) e, (1-9 g(le==ill J” ))da

By, = (35)

IT) and (10), it can be shown that
2.

m
By, > lim i
m—roo p

Using p; = E(

> B (36)

Let us consider E|E{L|(I;,j € Tw,)}
(33), (34), (35) and (36), it is clear that

T y . — .

D lim > E|E{L]|(I],j € Twi)} = pil

i€l

€ [0,max{ lim lim m?%p; —
pP—00 M—00

— pi| now. From

pE(BL,i)>

lim lim pE(By,) — m?®p;}] (37)

pP—00 M—00
In the following we will show that both terms
limy, 00 m*pi — pE(BL ;) and lim,, o pE(Byi) — m*p;

in (37) approach 0 as p — oo. First it can be shown following
(34) that

lim pE(BpL,;)

m— o0

_ lle—= "
> lim pE[(1—ng(2r,))e” a7 )0

m—0o0
le==ill” ),
Tp

= lim p(1—-FE(n)g(2r, ))e Jard

m—0oQ

“(38)

where lim,, ., F'(n) is the expected number of isolated
nodes in A\D(xz;,2r) ). In the first step of the above
equation, the inequality (1 — )" > 1 —nz for 0 < x < 1

and n > 0 is used. When p — oo, 7,7 — 0 and r QE € 5 0
therefore lim,_, o lim,, 00 E (n) = lim, o F (W ) =e?

is a bounded value and lim, o lim,,Hoog(Qrp ) — 0,
which is an immediate outcome of (4). Using (19), it then
follows that

. . pE(Br;) . : —e
it St TLVAN _ ) —
e i 2 oo T IR =1
Together with (20) and (36), we conclude that
lim lim m?p; — pE (Br;) =0 (39)

P—+00 M—+00

Now let us consider the second term lim,,, pE (By,) —
m2p;, it can be observed that

lim E(BUZ)
m—o0
j 5 pg(w)n (lfg(M))dw
<Ele Py — e =
' M ; ;
grr}iinwE[ ~p(a, rye) PO Yy, (1—g( ) ]
w—a,||T
= Jim E(ei(lig(rgé))nfD(mi,r}fﬁ)”g(%)dm)
m— o0
—(1=ng(r,* l==aill ™ 40
< lim B T oo T )

where in the second step, the non-increasing property of g, and
the fact that mj is located in A\D(wl, 2T1’6) and x is located

in D(x;,r)~°), therefore ||a — x;||” > 7}~¢ is used. It can be

further demonstrated that the term [}, , - pimey PY(EE ”m ml” Ydx
in (40) have the following property:

T
L — I;
[ eede=mle
D(wi,rh ™) Tp
pr? / oz — i /r|| ")
D(7 o )

< C’prp—logp—i—b

n(ep) =

(41)

For the other term ng(r,€) in (40), choosing a positive
constant 6 < 2¢ and using Markov’s inequality, it can be
shown that Pr(n > r‘5) < 7“5 E (n). Therefore

lim lim Pr(ng(r,“)n(e, p) > 7";59(7’;6)77(5%))

P—+00 M—+00



< . . 5
S A ameE ()
where lim, o 7,°g(r, “)n(e,p) = 0 due to (4), (41)
and 0 < 2¢ lim, o rf = 0 for any positive con-
stant B, and lim,_ o limy, 00 rgE (n) = 0 due to that
lim, o0 limy, 00 B () = limpﬁooE(WT) = et is a
bounded value and that lim,_, 9 = 0. Therefore
lim lim Pr(ng(r,

P—>00 M—00 )77(570) = 0) =1
As a result of (7), (40), (41) and (42):

(42)

lim lim pE(By,)

p—+00 M—+00

_ lz—=|”
Jp(a;.tmey PO, )dw

IN

lim lim pE(e

pP—r00 M—+00

= lim pe ~Ipe, ) "‘J(Hm”)dw
p—00

— '2 —

—  lim pe Prp(C=Jp2\ p(a,ry <) 9l d)
p—00

.
ot Tim Jx2\p(o,rzey 9l _ ob
p—r00

(43)

where the last step results because

tiw 2 [ g (la|) d
p=o " Jqe\ Do, )

= lim

p—>00 _C

- —e),.—e—2log p+b—1
i mer, g(rp )rp &5
p—r00

. (44)
p(log p+b)?

. TE _ 1
:plggo E(logp + b)2rp 25op(

25 log ( —25)
where L'Hi;cepital’s rule is used in reaching (44) and in the

third step (5) is used. Using (20), (36) and (43), it can be
shown that

)=0 (45)

lim lim pE(By;) —

p—00 M—00

As aresult of (37), (39) and (46), lim,_, o lim,;, 00 b3 = 0.
A combination of the analysis in subsections A, B and C
completes this proof.

m’p; =0 (46)

APPENDIX II: PROOF OF THEOREM 6

For notational convenience,

Q(X)\,g,AL> the
Tp

g (Xpa 9r,s A)

number of components in G (Xx,g,A 1

we prove the result for

and result is equally valid for

The proof is based on analyzing the

of order greater
than some integer M as p — oo. Spec1ﬁcally we will show
that limps_ 00 lim, oo Pr(éspr = 1) = 1.

A direct analysis of Pr({~n = 1) can be difficult. In
this paper, we first analyze F(&spr) and then use the result
on E({~pr) to establish the desired asymptotic result on
Pr(fon = 1).

Denote by g1 (x1,...,xx) the probability that a set
of k nodes at non-random positions x;, ..., xx € A1

"p

forms a connected component where nodes are connected
randomly and independently following the connection
function g. Denote by g2 (y; 1, @, ..., x)) the probability
that a node at non-random position y is connected to
at least one node in {xy,x2,...,xr}. As an easy
consequence of [10, Lemma 4], which showed that the
expected number of components of order k, denoted

by & , in Q(Xk,g,Al)
- fA 1 gz(y Z1,.- xmk)dy

is given by FE (&) =

),

k
%I(AL)kgl(mla"wmk)e e d(wl
it follo{x’;s that

E (&)
= Z ﬁ/ (gl(ml,...,mk)

k=nr41 o (AR

p
M, e2(ymr,xi)dy
e 7o Yd(x1 - - x)
Nk —/\fAi g2 (Y51, @y )dy

< Z o e e d(zy - g)

k=Mt1 (AL

p
—AfA L 92(yime,mk)dy
:Z / o d(xy---xg)
: A 1 k
““p

M 2k —MAL g2 (Y51, @r )dy
Yul e day - wy) (47)

k=1 ' J(AL)*

In the following we show that as p — oo, the first term in
—b
(47) converges to e® , and the second term in (47) after the
—b\k

“—" sign is lower-bounded by 224:1 (e k!) . The conclusion
then follows that E(£~ ps) converge to 1 as p — oo and M —
00.

Let us consider the first term in (47) now. Let

P £ A/ (1 —ga(y; 1, ... xp)ldy (48)
Al
for convenience. It can be shown that
' > \k —AIA% g2(y;x1,...xp)dy
plggoz_:k!/ml)ke o d(xq,...xL)
\E
:plggo k‘i / . )k d(xy,...xL)
< \k
. <I>
:plimozi:i' / l)k nf (xl,...wk)
o lim Z )\ke_”/ O"d(x xy) (49)
= — - 1. Tk
n=0 nl p=oe k=1 k! (A1 )k
Tp
Next we shall show that in 49),
lm, oo D gy k, e f(A e dnd(xy,...z1) = (e )™

Given this result, concluswn readily follows from (49) that
—b
the first term in (47) converges to e©
A dlrect computation of

limy o0 Y ey k,e f(A )k(I> d(zy,. ..

the
turns

term

xy) out



to be very difficult. To resolve the difficulty, we construct
a random integer X, depending on p, such that on the
one hand, the pmf (probability mass function) of X has
an analytical form that can be easily related to the term
Yooy ),‘:e f(A e ®"d(z1, ... @y); and on the other hand

using the Chen-Stéin bound we are familiar with, the pmf can
be shown to converge to a Poisson distribution as p — oco.
In this way, we are able to compute the above term using
the intermediate random integer X. In the following, we give
details of the analysis.

We first construct the random integer X described in the
last paragraph and demonstrate its properties related to our
analysis.

Consider an additional independent Poisson point process
X} with nodes Poissonly distributed on A1 and with density

Tp

A, being added to G X,\,g,A 1
connected with nodes in X followmg g independently, i.e.
a node in X and a node in X, separated by an Euclidean
distance = are connected with probability g (), independent
of any other connection.

Let X be the number of nodes in X} that are not directly
connected to any node in X). It is evident that, condi-
tioned on X\ = (x1,...x) where x1,... ¢, € A . and

|Xx| > 0, a randomly chosen node in X7 at location y is
not directly connected to any node in X,\ with probability
1 — ga(y;x1,...,xL) , which is determined by its location
only. It readily follows that the conditional distribution of X,

) Further, nodes in X} are

ie. X|Xy = (@1,...®k), is Poisson with mean A [, [1 —
g2(y;x1,. .., xx)|dy [9]. As a result of the above discussion:
Pr(X =m|X\ = (x1,...x1)) = —'e_q’ (50)

m:
Obviously when X 0, Pr(X = m|Xy, = 0) =

Pr(|X{| = m). Therefore the unconditional distribution of
X is given by:

Pr (X =m)

= \F o™
= ﬁe*p/ —e “Pd(xy, ...
1 (A4 )k m.

Tﬂ

mk) + L'B*Qp
m:
(51

Note that as p — oo, the term %6_2” in (51), which is
associated with A = (), becomes vanishingly small. Further
note that 30°_(27e7% = e — 0 as p — oo, ie. as
p — oo even the cumulative contribution to the cdf of X is
negligibly small.

If we define g (y;0)) = 0 for completeness, we can also
write (51) as

o Ak LU
Pr(X=m)= —e_”/ —e Vd(zy,. ..
( 2% el

Tp

:Bk)

(52)
Using (52), it can be readily shown that

E(X)=)» mPr(X =m)

m=0

Eaf et

e*p/ bd(xy,...xL)
: (A1)

Tp

k

>/

Mz T0e

=zl

et = alle - yiblde) )

b
Il

0

Ay, alle—yl)de
:)\/ e o dy
A

1
Tp

Comparing the above equation with [10, Theorem 1], the
conclusion readily follows that the above value is equal to

(53)

the expected number of isolated nodes in G X,\,g,A 1),
denoted by W. It then follows from [10, Theorem 1], that
lim, 00 B (X) = e’ In fact a stronger result that the
distributions of X and W converge to the same Poisson
distribution as p — oo can be established:

Lemma 15. As p — oo, the distribution of X converges to a
Poisson distribution with mean e, i.e. the total variation dis-
tance between the distribution of X and a Poisson distribution
with mean e~° reduces to 0 as p — cc.

Lemma 15 can be proved using exactly the same steps
as those used in proving Theorem 2. Therefore the proof is
omitted.

As a result of Lemma 15, for an arbitrary set of non-negative
integers, denoted by T,

li Pr(X =m) = (™) e (54

Jim D Pr(X=m)=) i )
mel mel

Now we are ready to continue our analysis on

limy, o0 Y350, Ae Joa\ e @d(@s, .. ay). Using (51)

first and then using (54), it ‘can be shown that for any positive
integer n:

o \k
lim —e*p/ O"d(xy,. .. xy)
PHOO]; k! (A1 )k
Tp
e )\k > pm
= lim —e“’/ o e %d(xy, )
— 1 %
= Z — lim —'e’p/ "t med(wy, . .. @)
m=0 me pmree k=1 k (A 1 )k
Tp
< 1 p(n-‘ﬂn) )
:Z—lim(Pr(X—n—&—m)— e )(n+m)!
m=0 e p=eo (n + m)'

m=0

Using the above equation, it follows from (49) that

N 1 g2(y;x1,... 2k )dy

/Jlggoz k! /A 1 )k d(wh.“mk)
o0 67 _
:Z( n') = (55)



This deals with the first term on the right of (47).
Now we continue with the analysis of the second term
in (47). As an easy consequence of the union bound,
o (Y; @1, o, ..., xk) < Zleg(Hyfmiﬂ), it can then be
shown that

x)dy
d(:l)l Ce

N g2 (y;@,...
ilik)

L X g(ly-wildy

d(iL‘l ca wk)

Y
e
N
=
o)
>
o
g»—

g(lz—yl)dy
dx)"

= u (56)

and using [10, Theorem 1], it can be further shown that

Ak “Aa, g2(yimr,.wy)dy
li T d(xy - -
ngo k' /A )k € (:Bl wk)
o—b)k
el k,) (57)

Note that (57) can also be obtained from Jensen’s inequality.
Combining (47), (55) and (57), it follows that

)AI+1

R Gl (s
lim E(¢a) <€ = oo =1+ (58)
k=1

p—ro0 (M +1)!

where in the last step Taylor’s theorem is used, 75, is a number
depending on M and 0 < 1, < e™?

In Theorems 2 and [10, Theorem 4], we have established
respectively that the asymptotic distribution of the number of

b

isolated nodes in G ( X, g, A L is Poisson with mean e~

and the number of components in G (X by g,A 1 ) of order

within [2, M] vanishes as p — co. As a consequence of the
above two results,

lim Pr(§sp > 1) =1 and

p—00

lim Pr(ésp =0)=0 (59)
p—00

Further note that

E(ém) = Z mPr(&sar = m)
m=1
2Pr(§sm =1)+2 Z Pr({sm =m)
m=2
=Pr({smy =1)+2(1 = Pr(&sm = 1) = Pr(§sm = 0))
(60)
Combing the three equations (58), (59) and (60):
: _ (UM)MJrl

As an easy consequence of the above equation:

lim lim Pr (€>]\/[ = 1) 1

M —00 p—>0

REFERENCES

[1] G. Mao and B. D. Anderson, “On the asymptotic connectivity of random
networks under the random connection model,” in IEEE INFOCOM
2011, pp. 1-9.

[2] P. Gupta and P. R. Kumar, Critical Power for Asymptotic Connectivity
in Wireless Networks. Boston, MA: Birkhauser, 1998, pp. 547-566.

[3] M. D. Penrose, Random Geometric Graphs, ser. Oxford Studies in
Probability. Oxford University Press, USA, 2003.

[4] M. Haenggi, J. G. Andrews, F Baccelli O. Dousse, and
M. Franceschetti, “Stochastic geometry and random graphs for
the analysis and design of wireless networks,” IEEE Journal on
Selected Areas in Communications, vol. 27, no. 7, pp. 1029-1046,
2009.

[5] M. D. Penrose, “On k-connectivity for a geometric random graph,”
Random Structures and Algorithms, vol. 15, no. 2, pp. 145-164, 1999.

[6] F. Xue and P. Kumar, “The number of neighbors needed for connectivity
of wireless networks,” Wireless Networks, vol. 10, no. 2, pp. 169-181,
2004.

[71 M. Penrose, “The longest edge of the random minimal spanning tree,”
The Annals of Applied Probability, vol. 7, no. 2, pp. 340-361, 1997.

, “A strong law for the longest edge of the minimal spanning tree,”
The Annals of Applied Probability, vol. 27, no. 1, pp. 246-260, 1999.

[9]1 R. Meester and R. Roy, Continuum Percolation, ser. Cambridge Tracts

in Mathematics. Cambridge University Press, 1996.

G. Mao and B. D. Anderson, “Towards a better understanding of

large scale network models,” IEEE/ACM Transactions on Networking,

vol. 20, no. 2, pp. 408 — 421, 2012, an extended version available at
http://arxiv.org/abs/1012.5723.

C. Bettstetter and C. Hartmann, “Connectivity of wireless multihop

networks in a shadow fading environment,” Wireless Networks, vol. 11,

no. 5, pp. 571-579, 2005.

D. Miorandi, “The impact of channel randomness on coverage and

connectivity of ad hoc and sensor networks,” IEEE Transactions on

Wireless Communications, vol. 7, no. 3, pp. 1062-1072, 2008.

C.-W. Yi, P-J. Wan, X.-Y. Li, and O. Frieder, “Asymptotic distribution of

the number of isolated nodes in wireless ad hoc networks with bernoulli

nodes,” IEEE Transactions on Communications, vol. 54, no. 3, pp. 510-

517, 2006.

M. Franceschetti and R. Meester, “Critical node lifetimes in random

networks via the chen-stein method,” IEEE Transactions on Information

Theory, vol. 52, no. 6, pp. 2831-2837, 2006.

——, Random Networks for Communication.

Press, 2007.

R. Arratia, L. Goldstein, and L. Gordon, “Poisson approximation and

the chen-stein method,” Statistical Science, vol. 5, no. 4, pp. 403434,

1990.

A. D. Barbour, L. Holst, and S. Jason, Poisson Approximation.

University Press, New York, 2003.

G. Grimmett and D. Stirzaker, Probability and Random Processes,

3rd ed. Oxford, 2001.

T. Yang, G. Mao, and W. Zhang, “Connectivity of large-scale csma

networks,” IEEE Transactions on Wireless Communications, vol. 11,

no. 9, pp. 2266 — 2275, 2012.

O. Dousse, F. Baccelli, and P. Thiran, “Impact of interferences on con-

nectivity in ad hoc networks,” IEEE/ACM Transactions on Networking,

vol. 13, no. 2, pp. 425-436, 2005.

[8]

[10]

(1]

[12]

[13]

[14]

[15] Cambridge University

[16]

[17] Oxford
[18]

[19]

[20]

Guogiang Mao (S’98-M’02-SM’08) received PhD
in telecommunications engineering in 2002 from
Edith Cowan University, Australia. He joined the
School of Electrical and Information Engineering,

PLACE the University of Sydney in December 2002. He
PI?EOI;F]? has published over 100 papers in international jour-

nals and conferences. His research interests in-
clude wireless multihop networks (e.g. vehicular
networks, mesh networks mobile networks, delay-
tolerant networks, opportunistic networks), wireless
sensor networks, wireless localization techniques,
applied graph theory and network performance analysis. He is a Senior
Member of IEEE and an Associate Editor of IEEE Transactions on Vehicular
Technology. He has served as a program committee member in a large number
of international conferences. He was a symposium co-chair of IEEE PIMRC
2012, a publicity co-chair of 2007 SenSys and 2010 IEEE WCNC.




PLACE
PHOTO
HERE

Brian D.O. Anderson (S’62-M’66-SM’74-F 75—
LF’07) was born in Sydney, Australia, and educated
at Sydney University in mathematics and electrical
engineering, with PhD in electrical engineering from
Stanford University in 1966. He is a Distinguished
Professor at the Australian National University and
Distinguished Researcher in National ICT Australia.
His awards include the IEEE Control Systems Award
of 1997, the 2001 IEEE James H Mulligan, Jr
Education Medal, and the Bode Prize of the IEEE
Control System Society in 1992, as well as several

IEEE and other best paper prizes. He is a Fellow of the Australian Academy of
Science, the Australian Academy of Technological Sciences and Engineering,
the Royal Society, and a foreign associate of the US National Academy of
Engineering. He holds honorary doctorates from a number of universities,
including Université Catholique de Louvain, Belgium, and ETH, Ziirich. He
is a past president of the International Federation of Automatic Control and
the Australian Academy of Science. His current research interests are in
distributed control, sensor networks and econometric modelling.



