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Abstract—Time-of-Arrival (ToA) estimation becomes extremely
challenging for ultra-wideband ranging systems in dense multipath
environment with multiuser interference. In this paper, we propose
a high accuracy joint ToA estimation (JToAE) algorithm, which can
provide dominantly better performance than existing techniques.
Based on the requirement of time synchronization among base sta-
tions, our proposed JToAE algorithm jointly exploits spatial infor-
mation of each base station and the ToA of each multipath com-
ponent of each received signal in ToA estimation. Our scheme is
insensitive to the selection of the threshold, and does not require
any additional information such as channel, noise power, pream-
ble, or synchronization between transmitters and receivers. We also
propose how to effectively distinguish the ToA of the first path of the
desired user from the interfering signals in multi-user case without
generating error propagation. The proposed JToAE is verified by
extensive Monto Carlo simulation that is based on IEEE 802.15.4a
channel models, and the simulation results indicate that even in
low signal-to-noise ratio and multi-user case, our proposed tech-
nique can achieve significantly higher ranging accuracy compared
to those in the literature in recent decades.

Index Terms—Ultra Wide Band (UWB), Joint ToA Estimation
(JToAE), Time of Arrival (ToA), Search-Back Algorithm (SbA),
Multipath Component (MPC), IEEE 802.15.4a.

I. INTRODUCTION

THERE is a growing demand for location awareness in com-
munication networks. Highly accurate position informa-

tion is of great importance in many commercial and military ap-
plications. UWB signal provides mainly two benefits for ranging
and positioning applications. Firstly, UWB signal has extremely
large bandwidth, which can lead to relatively fine time resolution
and high possibility that at least some of the frequency compo-
nents of the transmitted signal can penetrate through obstacles.
Secondly, UWB signal has extremely low transmission power
that poses tiny interference on NB (Narrow Band) systems and
thus it can more easily coexist with other communication sys-
tems. The extremely high bandwidth and short pulses waveform
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help in reducing the effect of multipath interference and facil-
itate determination of ToA for burst transmission between the
transmitter and corresponding receiver, which makes UWB a
desirable solution for indoor positioning [1]. Therefore, UWB
is considered to be an appropriate choice for the positioning ap-
plications that require relatively high accuracy and short-range
coverage.

ToA/TDoA (Time of Arrival/Time Difference of Arrival)
based algorithms are the most promising technique compared to
RSS/AoA (Received Signal Strength/Angle of Arrival) based al-
gorithms in UWB ranging systems because the aforementioned
benefits can be fully explored in ToA/TDoA based UWB ranging
systems. In ToA/TDoA based UWB ranging systems, multipath
propagation introduces challenges for ToA estimation because
of a large number of MPC (Multi-Path Components) and rela-
tively long excess delays compared to the transmitted pulse du-
ration. In the multipath environments, reflections from scatters
in an environment arrive at receiver as replicas of the transmit-
ted signal with various attenuation levels and delays [2]. Due to
the antenna effect, i.e., non-uniform radiation, shadowing, the
log-normal fading effect or multiuser transmission, the strongest
path component may not be the first path component [2]. In dense
multipath channels the first path is often not the strongest one,
making ToA estimation challenging.

To tackle the problem, a number of ToA estimation tech-
niques have been proposed in the recent decades. Existing meth-
ods can generally be classified into four categories: ML (Max-
imum Likelihood) approaches [3], MF (Matched Filter) based
detectors [4], [5], energy based detectors [6]–[8] and machine-
learning based approaches [9]–[11]. ML channel estimator can
jointly deliver the ToA estimates and path amplitudes by max-
imizing the likelihood function. Theoretically, ML estimator is
asymptotically efficient and it can achieve the CRLB (Cramer-
Rao Lower Bound) in high SNR (Signal to Noise Ratio) region
[12]. However, it is hard to be realized because of its high com-
putational complexity. Energy based detectors cannot achieve
high accuracy because it poses a square-law device on the re-
ceived signal, which add the squared noise into the samples.
Compared to energy based detectors, MF based detectors can
provide better performance in high SNR region because it can
maximize the received SNR. In low SNR region, however, MF
is not able to deliver a satisfactory performance [12]. Another
common drawback of the known MF based and energy based
thresholding and search-back algorithms is that the estimation
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accuracy is too sensitive to the detection threshold. When the
threshold is small, a high probability of early detection prior
to the first path due to noise and interference is expected. On
the other hand, if the threshold is large, we expect a low proba-
bility of detecting the first path [12]. Although some threshold
selection approaches have been discussed in [4], [6]–[8], [13],
thresholding algorithms are unable to deliver a satisfactory accu-
racy in low SNR region even if the optimal threshold is applied.
The machine-learning based approaches have been already used
to identify LoS (Line-of-Sight) and NLoS (Non-Line-of-Sight)
in [9], [14]. They generally consist of data collection, feature
extraction, model training and regression, which may have ex-
tremely high computational demand when the size of train-
ing data becomes large. In addition, the accuracy of machine-
learning based approaches strongly rely on the selected model
and its parameter optimization. Due to inappropriate model se-
lection and the number of parameters, the model training may
bring under-fitting or over-fitting problems which can lead to
serious performance degradation.

In a multiuser UWB network, each user signal is transmit-
ted through multi-paths and can interfere with each other at the
receiver. Therefore, the observed strongest path component is
not always the first path component of the desired user. Some
literature focuses on studying the impact of MUI (Multi User
Interference) [15] and mitigating MUI using a coherent receiver
[6]. These papers utilize successive cancellation of users with
maximum received energy where ToA of each user is iteratively
estimated via finding the maximum value from the residual sig-
nal. The main problem of this approach is that the estimation ac-
curacy relies strongly on the user-specific threshold, and the suc-
cessive cancellation is an iterative algorithm and thus it causes
error propagation problem.

Most existing ToA estimation techniques only rely on single
received signal, that is, the signals received at other base stations
are not utilized. In UWB positioning systems, the base stations
are fixed and their locations are known. Such information can
be exploited to further improve ToA estimation performance
and reduce computational complexity. It is well-known that, in
a line-of-sight (LoS) multipath channel environment, the target
node location can be determined by intersecting a set of spheres,
which are created by the location of each base station (center) and
ToA of the first path (radius) of the desired user. Nevertheless,
multipath components (MPCs) arrive later than the first path and
thus they are unable to create a set of spheres intersecting at a
unique point, and instead a point with Minimum Sum of Squared
Distance (MSSD) from each sphere can be determined by the
location of each base station and ToA of MPCs. It is obvious that
MSSD should be equal to and larger than zero for the cases with
first path and MPCs in perfect scenario (sufficient sampling rate,
no Gaussian noise), respectively. Such difference can be utilized
to distinguish the first path from MPCs.

Motivated by the intuition and aforementioned shortcomings
of the existing estimation approaches, in this paper, we propose
a joint ToA estimation approach (JToAE) that estimates ToA of
the first path at each received signal by jointly considering the
location information of each base station and ToA of each MPC.
Due to utilization of spatial information of base stations, we can

determine the most likely ToA at each received signal by compar-
ing the MSSD from a group of spheres, rather than thresholding,
without having to achieve synchronization between transmitters
and receivers. More specifically, the following contributions are
made in this paper:
� A novel JToAE is proposed that allows to explicitly incor-

porate the map information including location of each base
station and MSSD into ToA estimation without having to
know the number of MPCs for each user, estimate ampli-
tude and delay for each MPC and achieve synchronization
between transmitters and receivers.

� A low-complexity one path channel estimator is proposed
and the relation between the time drift posed by window
function and the expectation and variance of ToA estimates
is investigated;

� We investigate the JToAE under consideration of MUI and
show that our approach can be easily extended to the multi
user case.

� Using IEEE 802.15.4a channel models, we demonstrate
the superiority of the proposed scheme over the existing
methods.

The rest of the paper is organized as follows: Section II re-
views the related work. Section III proposes the system model.
Section IV proposes the JToAE for the single user and multi
user case, and analyzes its complexity. Section V verifies the
proposed algorithm and compares its performance to the exist-
ing methods. Section VI concludes the study.

II. RELATED WORK

A number of studies have been carried out to investigate UWB
multipath fading channel, improve detection performance or an-
alyze the error sources of the ToA estimation and its lower bound.

ML channel estimation, as the most classical method to es-
timate ToA of each MPC, has been extensively investigated in
the last three decades. Win et al. gave a characterization of the
UWB propagation channel from a communications theoretic
view point and introduced ML channel estimator to estimate
each MPC [3]. In [16], a GML (Generalized Maximum Like-
lihood) channel estimator is employed to estimate the channel
parameters, which is in turn used to estimate the arrival time of
the first path. However, the number of channels often cannot be
determined within the search domain using the GML estima-
tor. In addition, the channel parameter estimation is a laborious
task whose computational complexity increases with the rise of
the number of channels. In [17], a modification of the ToA al-
gorithm to reduce the number of correlation computations in
the DP (Direct Path) search process was proposed. A Minimum
Mean Squared Error (MMSE) interpolator is employed to reduce
computational complexity that acquires the missing samples be-
tween two adjacent samples caused by under-sampling process.
However, MMSE interpolator requires the output signal of the
correlator to be a wide sense stationary process, which, in the
context of ToA estimation, is often a cyclo-stationary process in
many cases.

D’Amico et al. proposed a structured approach to ToA es-
timation based on least squares (LS) techniques. A two-step
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procedure which first leads to a coarse estimate and then to a
finer results was adopted [18]. Guvenc and Arslan proposed the
Jump Back and Search Forward (JBSF) and the Serial Back-
ward Search (SBS) and analyzed both theoretically and via
simulations the trade-offs between the two kinds of search-
back schemes based on the statistics of realistic channel mod-
els [19]. Guvenc and Sahinoglu introduced signal conditioning
techniques based on a bank of cascaded multi-scale energy col-
lection filters and wavelets. A more accurate detection can be
achieved by exploiting correlations across multiple scales for
edge and peak enhancements [20]. Dardari et al. proposed a
practical ToA estimate scheme to mitigate both narrow-band
and wide-band interference. The influence of interference on
ToA estimation was evaluated [21]. Rabbachin et al. proposed
a ML ToA estimation strategy based on energy detection ap-
proach utilizing a relatively long integration window [22]. Gu-
venc and Sahinoglu considered ToA estimation of the received
signal based on symbol-rate samples, and the theoretical anal-
ysis and simulation of the performance of threshold based ToA
estimation was proposed [23].

Savic et al. proposed kernel principal component analysis
(kPCA), which projects the channel parameters onto a non-
linear feature space and utilizes the projected parameters for
ranging [10], [24]. Nguyen et al. utilized relevance vector ma-
chine technique to identify and mitigate NLoS signals [9]. The
main problem of machine learning approaches is that they re-
quire fitting the empirical data prior to on-line data processing
to optimize the model parameters and thus the computational
complexity goes high when size of the empirical data becomes
large.

Amigo et al. introduced and implemented successive cancel-
lation of users with maximum received energy and concluded
from the simulation results that the proposed algorithm can
obtain smaller variance than the per-user ML estimator [25].
Kristem et al. proposed the MUI successive cancellation without
having to know the TH (Time Hopping) sequences of the inter-
fering users because of difficulty to acquire the TH sequences
of all the interfering users [6]. The MUI successive cancella-
tion estimates ToA of the desired user by finding the maximum
value of a subtracted signal at each iteration and thus is subject
to error propagation. Flury et al. designed two algorithms for re-
liable and robust synchronization of IR (Impulse Radio) UWB
energy-detection receivers in the presence of MUI, which uses
a correlation-based packet detection algorithm and a likelihood-
based approach for timing acquisition, respectively [26]. Or-
thogonality of preamble compliant with the IEEE 802.15.4a is
exploited to mitigate MUI and perfect synchronization is as-
sumed [26].

The aforementioned review reveals that most existing studies
have not incorporated both location information of base stations
and ToA of each MPC of each received signal into detection
procedure. Most literature are based on energy based detection
which is very sensitive to the threshold selection and is lacking in
achieving a satisfactory accuracy in low SNR region. In addition,
most literature only proposed strategy for single user case, which
may not be applicable in multi user case because of MUI.

III. SYSTEM MODEL

We consider an UWB network scenario, in which N anchors
have to localize M mobile stations using ToA measurements
derived from the received signals of the mobile stations. We as-
sume that the N anchors are connected to a central server and
thus achieve the perfect time synchronization. The N anchors are
fixed at the known locations of

(
p1 · · · pN

)
and the M mobile

stations are arbitrarily distributed over a region R, where pn is
the location vector of the n-th anchor consisting of x and y co-
ordinates. The server is responsible for issuing commands and
receiving signal from the N anchors. In this paper, we consider
the IEEE 15.4a signal format and the information bits are mod-
ulated onto pulse train by PAM (Pulse Amplitude Modulation).
Thus, the transmitted signal sm(t) from the m-th mobile station
can be expressed by

sm(t) =

I−1∑

i=0

di,m

K−1∑

k=0

p (t− iTs − kTf − ck,mTc) (1)

where p(t) is the pulse waveform with the pulse energy Ep, Tf

is the frame duration, Ts is the symbol duration, Tc is the chip
duration, di,m represents the i-th data symbol of the m-th mobile
station, ck,m represents the TH sequence allocated to the k-th
frame of the m-th mobile station, I and K are the number of data
symbols and frames, respectively.

The channel impulse response between the m-th mobile user
and the n-th anchor can be modeled by the well-known tapped
delay line expression

hmn(t) =

Lmn−1∑

l=0

al,mnδ (t− τl,mn) , (2)

where al,mn is the channel coefficient and τl,mn is the time
delay of the l-th path, and Lmn is the number of channel paths
between the m-th mobile and the n-th anchor. In this paper, we
assume that we have a slow fading channel and the channel is
time-invariant over several symbols, and thus Lmn is assumed
to be a fixed number over several symbols. Parameter Lmn will
be modeled according to the IEEE 802.15.4a channel model.

The received signal rn(t) at the n-th anchor consists of the de-
sired signal, interference and the AWGN (Additive White Gaus-
sian Noise) and thus can be expressed by

rn(t) =

∫ ∞

−∞
sj (τ)hjn(t− τ)dτ +

M∑

m=1,m �=j

Ijm,n(t) + wn(t)

=

I−1∑

i=0

di,j

Lj,n−1∑

l=0

al,jn

K−1∑

k=0

p (t− iTs − kTf − ck,jTc − τl,jn)

+

M∑

m=1,m �=j

Imj,n(t) + wn(t) (3)

where Imj,n(t) and wn(t) represent the interference from other
transmitters and the AWGN noise, respectively. For simplicity
of expression, we neglect the information bit and only express
the received signal for one symbol duration, and thus (3) can be
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simplified as

rn(t) =

Lj,n−1∑

l=0

al,jn

K−1∑

k=0

p
(
t− kTf − ck,jTc − τl,jn

)

+

M∑

m=1,m �=j

Lmn−1∑

l=0

al,mn

K−1∑

k=0

p

⎛

⎝
t− kTf

−ck,mTc

−τl,mn

⎞

⎠+ wn(t) (4)

We define the template signal as T (t) = 1/
√

Epp (−t) , where
Ep is the pulse energy. After a convolution operation, the corre-
lated signal zn(t) is given by

zn(t) =
1
√

Ep

Lj,n−1∑

l=0

al,jn

K−1∑

k=0

Rp

⎛

⎝
t− kTf

−ck,jTc

−τl,jn

⎞

⎠+Rpw(t)

+
1
√

Ep

M∑

m=1
m �=j

Lm,n−1∑

l=0

al,mn

K−1∑

k=0

Rp

⎛

⎝
t− kTf

−ck,mTc

−τl,mn

⎞

⎠ (5)

whereRp(t) andRpw(t) are the auto-correlation function of p(t)
and the cross correlation function of wn(t) and T (t), respec-
tively. The first and second term in (5) represent the correlated
desired signal and correlated interference.

IV. JOINT TOA ESTIMATION

In this section, we start from the fundamental principle of
JToAE for the single user case (M = 1, no interference), which
will be extended to the multi user case in Subsection IV-C. We
firstly briefly describe how to capture the correlation peaks at
the received correlated signal using the search-back algorithm.
Then, we describe how to fully exploit the location information
of the base stations and ToAs of each captured peak to deter-
mine MSSD, and incorporate one-pulse ML channel estimator
to estimate ToA.

Let us define t̂n =
[
t̂1 t̂2 · · · t̂Dn

]T
, t̂1 < · · · < t̂Dn

as time
displacement of the Dn captured peaks at the n-th receiver and
can be estimated by [19]

t̂n = arg
t∈[0,tn,max]

[
|zn(t)| ≥ |vn,max|√

η

]
− Tp

2
(6)

where |.| is the absolute operation, η is a given threshold,Tp is the
pulse duration, vn,max and tn,max are amplitude and time delay
of the strongest correlation peak of the correlated signals within
a certain threshold Tth, respectively. Note that t̂n obtained by
(6) is the ToA of each captured peaks at the received signals,
rather than the correlated signals. After filtering, the correlated
signals spread out for Tp and thus the peak locations drift by
Tp/2. The search-back algorithm proposed in [19] utilized a
predefined threshold ξ to search the samples arriving earlier than
the strongest path. In this paper, we use the relative threshold
η, with which the CDF (Cumulative Distribution Function) of
first path being able to be captured via (6) can be obtained by an
empirical simulation of IEEE 802.15.4a channel model.

If the first peak captured by (6) is considered to be the ToA of
the first path, it may lead to a large estimation error even though
for the single user case because the first peak detection strongly

relies on the selection of η, that is, a larger η can lead to false
detection to a noise peak and a smaller η can lead to missing
detection of the actual ToA. In the multi user case, the error
probability goes larger because of pulse aliasing from interferers.
In our proposed JToAE, we select a relatively small η so that the
actual ToA can be captured by t̂n in most cases.

We define the search space of JToAE by

S =

{
[
t̂d1,1 t̂d2,2 · · · t̂dN ,N

]
:
d1 ∈ [1 · · ·D1] ,
dN ∈ [1 · · ·DN ]

}
(7)

where each element of S is a 1×N vector, which contains
one randomly-selected captured peak delay for each receiver,
t̂dn,n represents the dn-th captured peak in t̂n, dn, n = 1 · · ·N
is an arbitrary integer between 1 and Dn, the cardinality of S
is
∏N

n=1 Dn and the q-th element of S is expressed by sq . Our
task is to estimate the ToA from each received signal, that is, to
find the correct sq from S.

A. MSSD Determination for Each Element in S

Suppose that theN receivers synchronize with each other and
the transmitter is not synchronized with the receivers and trans-
mits its signal at any arbitrary time. Let us define an unknown
metric Δt as the time offset between the start time of the re-
ceivers and transmission time of the transmitter. Then, for q-th
element of S, the following relations can be obtained:

(xn − x̂q)
2 + (yn − ŷq)

2 = c2
(
t̂n,q +Δt

)2
, n = 1 · · ·N

(8)
where c is the light speed, t̂n,q is the time displacement of the
captured peak at the n-th receiver for the q-th element of S, xn

and yn are the x coordinate and y coordinate of the n-th receiver,
respectively, x̂q and ŷq are the x coordinate and y coordinate
of the estimated point with MSSD from the group of spheres,
respectively.

From (8), the following equation can be obtained:

Hqd̂q = hq (9)

where

Hq = 2

⎡

⎢
⎢
⎢
⎣

(x2 − x1) (y2 − y1) c2
(
t̂2,q − t̂1,q

)

(x3 − x2) (y3 − y2) c2
(
t̂3,q − t̂2,q

)

...
...

...
(x1 − xN ) (y1 − yN ) c2

(
t̂1,q − t̂N,q

)

⎤

⎥
⎥
⎥
⎦

d̂q =

⎡

⎣
x̂q

ŷq
Δt

⎤

⎦

hq =

⎡

⎢
⎢
⎢
⎢
⎣

c2
(
t̂21,q − t̂22,q

)− (x2
1 − x2

2

)− (y21 − y22
)

c2
(
t̂22,q − t̂23,q

)− (x2
2 − x2

3

)− (y22 − y23
)

...
c2
(
t̂2N,q − t̂21,q

)− (x2
N − x2

1

)− (y2N − y21
)

⎤

⎥
⎥
⎥
⎥
⎦

Then d̂q can be obtained by

d̂q =
(
HT

qHq

)−1

HT
qhq (10)
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Remark 1: Note that (9) only gives the two-dimensional case
for simplicity of expression and thus equation (9) has a solution
when rank of Hq is no less than three. Our method is also valid
for three-dimensional case, in which the horizontal coordinate
zn should be incorporated and in such case, rank of Hq should
be no less than four.

With d̂q , the MSSD can be determined by

MSSDq

=

N∑

n=1

(√
(xn − x̂q)

2 + (yn − ŷq)
2 − c

(
t̂q,n +Δt

)
)2

(11)

Equation (11) is one of crucial metrics to determine the ToA.
Intuitively, the N circles should intersect at a unique point for the
case thatsq is the correct ToA vector, that is,MSSDq = 0. With
insufficient sampling rate, additive Gaussian noise and pulse
overlapping, the correct ToA vector may suffer from a bias and
thus MSSDq may be larger than zero. Let us define MSSDq

by A (sq). The question then arises: can we detect the correct
ToA vector by finding the minimum value of A (sq) , sq ∈ S?
Note that the correct ToA vector is not the unique point that
makes A (sq) zero, that means, A (sq) is a non-convex function
with a non-strict global minimum at the correct ToA vector. To
tackle the problem, a one-pulse ML channel estimator will be
proposed in the next sub-section.

B. One-Pulse Maximum Likelihood Estimator (MLE)

The mean squared error (MSE) function can be expressed by

f(sq) =

= E

{
N∑

n=1

∫ t̂n,q+τ̂n+Tp/2

t̂n,q+τ̂n−Tp/2

[
rn(t)−

ânp
(
t− τ̂n − t̂n,q

)
]2

dt

}

(12)

where ân and τ̂n are the estimated pulse amplitude and delay for
the n-th base station given by (13) and (14), E is the expectation
with respect to wn(t).

The conventional ML channel estimation is computationally
intensive since it aims to estimate all separable MPCs through
a convex optimization process. In this paper, we propose a one-
pulse ML channel estimator which employs a window function
to the received signal before channel estimation. One-pulse MLE
has a low computational complexity and can estimate ân and τ̂n
by

τ̂n = argmin
(τ̃n,ãn)

∫ t̂n,q+Tp/2

t̂n,q−Tp/2

[
rn(t)− ãnp

(
t− t̂n,q − τ̃n

) ]2
dt

(13)

and

ân =

∫ t̂n,q+Tp/2

t̂n,q−Tp/2

rn(t)p
(
t− t̂n,q − τ̂n

)
dt (14)

where τ̃n and ãn represent the searched pulse delay and am-
plitude for the n-th receiver respectively. The function f (sq)

denotes the sum of mean estimated squared error which is con-
sidered as another metric in this paper.

1) Estimation of Searched Pulse Delay and Amplitude: We
firstly derive the optimum time delay τ̂n via (13). By applying a
window function to the captured peak located at t̂n,q and shifting
the received signal in time domain by t̂n,q , we can rewrite (13)
as

(τ̂n, ân) = argmin
(τ̃n,ãn)

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∫ −Tp/2+σn

−Tp/2

[
wn(t)−

−ãnp (t− τ̃n)

]2
dt

+
∫ Tp/2

−Tp/2+σn

⎡

⎢
⎣

anp (t− σn)−
−ãnp (t− τ̃n)

+wn(t)

⎤

⎥
⎦

2

dt

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(15)
where σn and an are the time drift and the amplitude of the ac-
tual signal within the window function for the n-th base station,
respectively, and σn = tn,q − t̂n,q. The optimum τ̂n can be ob-
tained by the first derivative of RHS (Right Hand Side) in (15)
with respect to τ̃n and setting it to zero:

0 =
∂F (τ̃n, ãn, σn, an)

∂τ̃n
=

= 2ãn

⎡

⎢
⎢
⎢
⎣

∫ Tp/2

−Tp/2
wn(t)p

′ (t− τ̃n) dt−
ãn
∫ Tp/2

−Tp/2
p (t− τ̃n) p

′ (t− τ̃n) dt+

an
∫ −Tp/2

−Tp/2+σn
p (t− σn) p

′ (t− τ̃n) dt

⎤

⎥
⎥
⎥
⎦

(16)

So it can be obtained

ãn

∫ Tp/2

−Tp/2

[
p (t− τ̂n)

×p′ (t− τ̂n)

]

dt =

∫ Tp/2

−Tp/2

[
wn(t)×

p′ (t− τ̂n)

]

dt+ an

∫ −Tp/2

−Tp/2+σ

[
p (t− σn)

×p′ (t− τ̂n)

]

dt

(17)

Similarly, the optimum ân can be obtained by

0 =
∂F (τ̃n, ãn, σn, an)

∂ãn

= 2

⎡

⎢
⎢
⎢
⎣

ãn
∫ Tp/2

−Tp/2
p2 (t− τ̃n) dt−

− ∫ Tp/2

−Tp/2
wn(t)p (t− τ̃n) dt

−an
∫ Tp/2

−Tp/2+σ p (t− σn) p (t− τ̃n) dt

⎤

⎥
⎥
⎥
⎦

(18)

then

ân

∫ Tp/2

−Tp/2

p2 (t− τ̂n) dt =
∫ Tp/2

−Tp/2

wn(t)p (t− τ̂n) dt

+an

∫ Tp/2

−Tp/2+σ

p (t− σn) p (t− τ̂n) dt (19)
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Combining with (17), the optimum τ̂n and ân can be determined
by

∫ Tp/2

−Tp/2
wn(t)p (t− τ̂n) dt+

an
∫ Tp/2

−Tp/2+σ p (t− σn) p (t− τ̂n) dt
∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

=

=

∫ Tp/2

−Tp/2
wn(t)p

′ (t− τ̂n) dt+

an
∫ Tp/2

−Tp/2+σ p (t− σn) p
′ (t− τ̂n) dt

∫ Tp/2

−Tp/2
p (t− τ̂n) p′ (t− τ̂n) dt

(20)

and

ân =

∫ Tp/2

−Tp/2
[wn(t)p (t− τ̂n)] dt+

an
∫ Tp/2

−Tp/2+σn

[
p (t− σn) p (t− τ̂n)

]
dt

∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

(21)

We can further show that the search pulse delay can be deter-
mined via Lemma 1:

Lemma 1: The searched pulse delay for the n-th receiver can
be expressed by

τ̂n ∼= −

Rp′w (σn) +
an

2 p2
(

Tp

2 − σn

)
−

Rpw(τ̂n)+anRp(τ̂n−σn)
2 ×

[
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

)]

[anRp (τ̂n − σn)− an]×
p
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

−anRp (τ̂n − σn) p
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

+an
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

(22)

where ∼= stands for almost surely convergence, σn and an are
the time drift and the amplitude of the actual signal within the
window function for the n-th receiver, respectively, and σn =
tn,q − t̂n,q, σ2

N is the noise variance, p′(t) is the first derivative
of p(t), tn,q is the actual n-th time displacement of sq .

Proof: See Appendix A. �
It is non-trivial to directly solve τ̂n from (22) because of non-

linearity of τ̂n in the denominator and numerator of RHS of (22).
Instead, we give the expectation and variance of τ̂n, which can
be used as a prerequisite of proving local minima at each tstoa,
which stands for suspected ToA vector.

Lemma 2: The expectation and variance of τ̂n can be approx-
imated by

E(τ̂n) ≈

− 1
2p

2
(
−Tp

2 − σn

)
− σnp

(
Tp

2 − σn

)
p′
(
Tp

2 − σn

)

+σnp
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

−p
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

+
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

(23)

and

var(τ̂n) ≈

⎡

⎣

∫ Tp/2

−Tp/2−σn
p′2(t)dt

+ 1
4

[
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

)]2

⎤

⎦σ2
N

⎡

⎣
an
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

−anp
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

⎤

⎦

2

(24)
Proof: See Appendix B. �
2) Non-Convexity of f (sq) and Its Multiple Local Minima:

The function f (sq) is the MSE function depending on tstoa, ân
and τ̂n. To additionally utilize the MSE metric delivered by the
one-pulse MLE, we manage to prove the non-convexity of f(sq)
and its ability to achieve the local minimum at each tstoa, which
is given by Theorem 1:

Theorem 1: Given the approximated searched pulse delay in
(22) and its approximated expectation and variance in (23) and
(24), the MSE function f(sq) is a non-convex function with the
local minimum at each tstoa.

Proof: See Appendix C. �
Remark 2: From the Lemma 1 to the Theorem 1, tn,q and

t̂n,q are respectively the q-th actual peak location and the esti-
mated one by the search-back algorithm at the n-th receiver and
σn = tn,q − t̂n,q is mainly introduced by the Gaussian noise and
sampling time resolution. We can draw a conclusion from The-
orem 1 that performance of the one-pulse MLE is influenced by
the search-back algorithm; and the MSE function can achieve
its local minimum at each actual peak.

Recall that A (sq) is a non-convex function with a non-strict
global minimum at ttoa, which stands for the correct ToA vector.
Combining with Theorem 1, we can get the following theorem:

Theorem 2: With any positive numbers λ1 and λ2, the func-
tion

g (sq) = λ1A (sq) + λ2f (sq)

has the unique global minimum at ttoa.
Proof: From the definition of A (sq) and f (sq), it is clear

that A (ttoa) = 0, f (ttoa) = 0 and A (tstoa) ≥ 0, f (tstoa) ≥ 0
for any tstoa. For each tstoa �= ttoa, A (tstoa) and f (tstoa) can-
not achieve zero simultaneously. We can get A (tstoa) > 0 for
each tstoa > ttoa or tstoa < ttoa. For those tstoa with A (tstoa) =
0, tstoa �= ttoa, f (tstoa) > 0 because at least one tstoa,n is for noise
peak, rather than signal peak. �

Thus, the optimum s can be obtained as follows:

sopt = argmin
sq

g (sq)

s.t. sq ∈ S (25)

Remark 3: In this research, we set λ1 and λ2 to one

C. Extension to Multi User Case

The performance of ToA estimation in the presence of MUI
can be degraded. Some techniques such as the successive MUI
cancellation estimator [6], [25], are proposed to mitigate the
MUI. Since the ToA is estimated by iteratively subtracting MUI
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from the received signal, these algorithms have error propaga-
tion problems. In this paper, we extend our work in the single
user case to the multi user case and propose a novel MU-JToAE
algorithm which can extract ToA of the desired user by find-
ing the minimum value of the average of g(sq) across different
frames without error propagation.

We assume that the TH sequence cm=[c1,m c1,m · · · cK,m]
for each user is known to the base stations and cm �= c�,m �= 	.
A de-spreading process can be performed by each base station,
that is, dividing the observation time into K equal intervals, each
of which is with a period of T, T < Tf . We define Ik as the
k-th interval and it can be expressed by Ik = [ck,m + (k − 1)
Tf , ck,m + (k − 1)Tf + T ],m = 1 · · ·M,k = 1 · · ·K. We as-
sume that the delay spread of the channel is smaller than one
frame duration. We denote the correlated signal in the k-th inter-
val at the n-th base station as zk,n(t) and it can be obtained by
posing a window function with duration of Ik to the correlated
signal in (5). Then the correlated signal at the n-th base station
has the K waveforms and can be expressed by

zk,n(t) = zn (t+ (k − 1)Tf )

= RS,m(t) +RI,k(t) +Rw,k(t) (26)

where k = 1 · · ·K, 0 ≤ t ≤ T , RS,m(t) is the desired signal
for the m-th user, RI,k(t) is the sum of interference from other
M-1 users. The signal RS,m(t) is the same for all K waveforms
while RI,k(t) is different for different waveforms because the
de-spreading process is performed using the TH sequence for
the m-th user and thus each waveform has a same starting point,
while RI,k(t) has different starting point due to different TH
sequence [6].

Let us define Ak,m(sq) and fk,m(sq) as the MSSD and MSE
function created by sq for the k-th interval and m-th user and
gk,m(sq) = Ak,m(sq) + fk,m(sq). Then we have

∑K
k=1 gk,m

(tlec) = 0 because RS,m(t) is the same for all K waveforms.
If sMPC �= ttoa, where sMPC contains at least one MPC from
interferers or one noise peak, then 1

K

∑K
k=1 gk,m (ttoa) has ex-

tremely low possibility being zero due to the fact that RI,k(t)
has different peak locations for different k. Therefore, the ToA
of the first path of the m-th user can be determined by

sm,opt = argmin
sq

1

K

K∑

k=1

gk,m(sq)

s.t. sq ∈ S (27)

The equation (27) shows that our approach has no error prop-
agation problem because the base stations can do de-spreading
process for each user from 1 to M using its TH sequence. There-
fore, our approach is applicable to the multi user case with rea-
sonable number of users. For a large amount of users, users can
be grouped and localization signals for different groups can be
separated in either time or frequency domain.

D. JToAE Algorithm and Its Complexity Analysis

The JToAE algorithm can be found in Algorithm 1. The
time consumption of Algorithm 1 mainly originates from

Algorithm 1: JToAE algorithm.
1: Parameters: M : the number of users, K: the number

of frames, cm: TH sequence for the m-th user, Kn: the
number of correlation peaks for the n-th received
signal

2: for m = 1:M do
3: Obtain K intervals at each received signal using

cm
4: Gk = [], k = 1,2,...,K; U = []
5: for k = 1:K do
6: if the first interval then
7: Determine Kn correlation peaks via (8),

establish the search space S
8: for each element sq in S do
9: calculate A(sq) via (9),f(sq) via (10),

(11) and (12) using the signal in the first interval;
g(sq) = A(sq) + f(sq); U = [Usq]; Gk = [Gk

g(sq)]
10: end
11: else
12: calculate g(sq) using the signal in the k-th

interval; Gk = [Gk g(sq)]
13: end
14: end
15: averaging over K intervals: G = 1

K

∑K
k=1

Gk; sm,opt = argminsq∈SG
16: end

calculation of A(sq) and f(sq) for each sq ∈ S for the first
interval with computational complexity ofO(M

∏N
n=1 Kn) and

calculation of g(sq) for the k-th interval with those of O(MK),
and thus the total computational complexity of Algorithm 1 is
O(M

∏N
n=1 Kn +MK).

To further reduce computational complexity, we add the codes
that firstly check if two circles can intersect at a point. If any of
two peaks in sq are unable to create intersection, the inner loop
will be skipped. Note that computational complexity becomes
very high when the number of receivers goes large. To reduce
the complexity with large number of receivers, we classify the
receivers into �N/L� groups, each of which is with L receivers.
The MSSD A(sq) and MSE function f(sq) are calculated for
each element of search space for each group, and thus the total
computational complexity becomesO(M

∑�N/L�
1

∏L
n=1 Kn +

MK). The selection of L should guarantee that rank of Hq in
(9) is no less than three and four for two-dimensional and three-
dimensional cases, respectively.

V. RESULTS AND DISCUSSION

In this section, we provide some numerical results to show
the effectiveness of the proposed JToAE and compare to some
other existing methods in terms of RMSE (Root Mean Squared
Error) of estimated ToA for each user, which is obtained by
5000-loop Monte-Carlo simulation. We also compare the com-
putational complexity of JToAE to those of the successive MUI
cancellation techniques for different number of users.
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Fig. 1. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM3 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 1.

Fig. 2. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM1 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 1.

The performance are evaluated considering UWB IR (Im-
pulse Radio) with second derivative of Gaussian mono-cycle.
We consider the chip duration Tc = 2 ns, the frame duration
Tf = 128 ns, the pulse duration Tp = 2 ns, the number of chips
within one frameNc = 64 and the investigated number of frames
areNf = 4, which is compliant with IEEE 802.15.4a [27]. Each
element of the TH sequence is randomly generated between 1
andNc. All results are obtained through simulations considering
IEEE 802.15.4a channel models CM1 (residential LoS), CM3
(office LoS), CM5 (outdoor LoS) and CM7 (industrial LoS).
These channel models assume that the ray arrives in clusters
with a rate of Possion distribution Λcm1 = 0.047 ns−1, Λcm3 =
0.016 ns−1, Λcm5 = 0.0448 ns−1 and Λcm7 = 0.0709 ns−1. The
channel realizations are sampled with the rate of 8 GHz, and
3000 different realizations are generated.

We compare to other six methods: Max [28], Simple Thresh-
olding (ST) [29], Jump Back and Search Forward (JBSF) [23],
Serial Backward Search (SBS) [23], Serial Backward Search for
Multiple Clusters (SBS-MC) [30] and iterative successive MUI
cancellation technique [6], [25]. The Max approach aims to se-
lect the sample with maximum energy as estimate of the ToA; the
ST method is to compare each energy sample to a fixed threshold

Fig. 3. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM5 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 1.

Fig. 4. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM7 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 1.

within a certain observation interval, and take the first thresh-
old crossing sample as the ToA estimate. The threshold for ST
can be obtained by (6), that is ξ =

|vn,max|√
η , where vn,max is the

amplitude of the strongest peak and η is the relative threshold
and is set to be 17.23; JBSF approach is based on the detection
of the strongest sample and a forward search procedure; SBS
method is based on the detection of the strongest sample and a
search-back procedure and SBS-MC is to continue the backward
search until more than D consecutive noise samples are encoun-
tered [12]. The iterative successive MUI cancellation technique
utilizes successive cancellation of users with maximum received
energy where ToA of each user is iteratively estimated via find-
ing the maximum value from the residual signal.

Fig. 1–4 illustrate the performance of JToAE and make com-
parisons with other five existing methods for IEEE 802.15.4a
CM3, CM1, CM5 and CM7 channel model, respectively. The
vertical axis represents the root mean squared error (RMSE) in
nanosecond while the horizontal axis gives SNR over0 ∼ 20 dB.
It can be seen that our proposed method dominantly outperforms
Max, JBSF, SBS and SBS-MC in the whole SNR region and ST
method in the low SNR region of 0 ∼ 10dB for CM3 and CM1
channel. For CM5 and CM7 channel, JToAE shows an evident
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Fig. 5. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM1 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 2.

Fig. 6. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM1 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 3.

superiority over Max, JBSF, SBS and SBS-MC in the whole
SNR region and moderately outperforms ST method in the low
SNR region. It is known that CM1 and CM3 channel models
have larger MPC decay than CM5 and CM7. The dominant su-
periority over other five methods presents in CM1 and CM3
channel models.

Fig. 5–8 compare the RMSE of JToAE to those of the five ex-
iting methods for M = 1, 2, . . . , 5, respectively. Through com-
parison, we can see that the performance of Max, JBSF, SBS
and SBS-MC degrade quickly with increase of number of users
while JToAE shows no dominant performance degradation be-
cause of its robustness against MUI. ST method outperforms
other four existing methods but is inferior than JToAE except in
the high SNR region [10 dB, 20 dB] forM = 2 case, JToAE does
not depict superiority over ST. With increase of MUI, JToAE
dominantly outperforms other five existing methods.

Fig. 9 compares the RMSE with the proposed scheme and the
successive MUI cancellation technique as a function of SNR.
Notice that the gap between the proposed scheme and the suc-
cessive MUI cancellation technique is approximately 20 ns in
the noise dominated regime. With increase of SNR, signal to

Fig. 7. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM1 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 4.

Fig. 8. RMSE for ST, Max, JBSF, SBS, SBS-MC and proposed JToAE with
IEEE 802.15.4a channel models: CM1 as a function of SNR. The signal is
Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns, and the symbol
duration is 512 ns. The bandpass pulse has second derivative Gaussian shape.
The signal bandwidth B = 2.65 GHz. N = 3, M = 5.

Fig. 9. RMSE for proposed JToAE and iterative successive interference can-
cellation technique with CM1 as a function of SNR for M = 1,2,...,5 and N = 3.
The signal is Time Hopping with Tf = 128 ns.The pulse duration Tc = 2 ns,
and the symbol duration is 512 ns. The bandpass pulse has second derivative
Gaussian shape. The signal bandwidth B = 2.65 GHz.



3752 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 67, NO. 14, JULY 15, 2019

Fig. 10. One-loop running time of JToAE and successive MUI cancellation
algorithm for M = 1,2,...,5, N = 3.

interference ratio (SIR) becomes a dominant factor influencing
the performance and the gap between two schemes becomes
smaller. It indicates that the proposed scheme has strong ro-
bustness against noise. When the SNR increases but SIR keeps
constant, the performance improvement becomes slower than
the successive MUI cancellation technique.

Fig. 10 compares the computational complexity in terms of
one-loop running time of JToAE and successive MUI cancella-
tion techniques for different number of users. We can see that
the running time of both algorithms increases approximately lin-
early with the number of users and the running time of JToAE
is dominantly lower than that of successive MUI cancellation
technique.

VI. CONCLUSIONS

This paper proposed a high accuracy joint ToA estimation
scheme which detects the ToA of UWB received signal by fully
exploring the spatial information of each base station and in-
corporating the MSE function introduced by a low-complexity
one-pulse ML estimator, which simplify the estimation process
via posing a window function to the received signal and thus
does not require the knowledge about the number of channels.
We firstly described how to utilize spatial information of base
stations and the captured correlation peaks to determine MSSD
without having to achieve synchronization between transmitters
and receivers. Then we proved that sum of MSSD and the MSE
function introduced by the one-pulse ML estimator has a unique
global minimum at the actual ToA vector. We showed that our
proposed scheme can be easily extended to the multi user case.

To verify the effectiveness of our scheme, we performed
Monto-Carlo simulation using IEEE 802.15.4a channel models
and compared the simulation results to those created by other ex-
isting methods: ST, Max, JBSF, SBS, SBS-MC and successive
MUI cancellation. The results show that our scheme achieves
a dominant superiority over the existing methods in terms of
robustness against MUI and multipath transmission.

APPENDIX A
PROOF OF LEMMA 1

In this section, we give the proof of Lemma 1. The denomi-
nator of LHS (Left Hand Side) and RHS (Right Hand Side) of

(20) can be approximated as
∫ Tp/2

−Tp/2

p2 (t− τ̂n) dt ≈ Ep

∫ Tp/2

−Tp/2

p (t− τ̂n) p
′ (t− τ̂n) dt =

1

2
p2 (Tp/2− |τ̂n|) (28)

where Ep is pulse energy. The nominator of LHS and RHS of
(20) can be further derived as

∫ Tp/2

−Tp/2

wn(t)p (t− τ̂n) dt = Rpw(τ̂n)

∫ Tp/2

−Tp/2+σ

p (t− σn) p (t− τ̂n) dt = Rp (τ̂n − σn)

∫ Tp/2

−Tp/2

wn(t)p
′ (t− τ̂n) dt = Rp′w(τ̂n)

∫ Tp/2

−Tp/2+σ

p (t− σn) p
′ (t− τ̂n) dt = Rpp′ (τ̂n − σn) (29)

Thus, (20) can be approximated as

Rpw(τ̂n) + anRp (τ̂n − σn)

Ep

≈ Rp′w(τ̂n) + anRpp′ (τ̂n − σn)

p2 (Tp/2− |τ̂n|) /2 (30)

From (21), the optimum ân can be approximated as

ân ≈ Rpw(τ̂n) + anRp (τ̂n − σn)

Ep
(31)

To find a closed expression of τ̂n and ân, (30) should be trans-
formed to

2anEpRpp′ (τ̂n − σn)− anp
2 (Tp/2− |τ̂n|)Rp (τ̂n − σn)

≈ p2 (Tp/2− |τ̂n|)Rpw(τ̂n)− 2EpRp′w(τ̂n)
(32)

Then (32) can be further simplified as

Rp,Epp′−γp (τ̂n − σn) ≈ β

an
(33)

where γ = 1
2p

2(Tp/2− |τ̂n|), Rp,Epp′−γp(τ) =
∫ Tp/2

−Tp/2
p(t)

(Epp
′(t− τ)− γp(t− τ) )dt, β = γRpw(τ̂n)− EpRp′w(τ̂n)

and can be considered as a Gaussian variable. From (33), the
optimum τ̂n can be approximated by

τ̂n ≈ σn +R−1
p,Epp′−γp

(
β

an

)
(34)

Recall that the normalized UWB pulse is employed in our paper.
Hence, Ep = 1 and thus (34) and (31) can be simplified as

τ̂n ≈ σn +R−1
p,p′−γp

(
β

an

)

ân = Rpw(τ̂n) + anRp (τ̂n − σn)

= Rpw(τ̂n) + anRp

(
R−1

p,p′−γp

(
β

an

))
(35)
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From (35), it is clear that R−1
p,p′−γp(

β
an

) is a random variable
depending on τ̂n and wn(t), where τ̂n is correlated to wn(t).
Thus, it is a non-trivial issue to give a closed expression for
τ̂n. In what follows, we will firstly derive the expectation and
variance of τ̂n estimated by the one-pulse ML estimator, and
then give the closed expression for f(sq). From [31], we can
know that for any objective function F (τ), which is differential
up to the second order, the time delay converges to

τ̂b − τb
∼= −

∂
∂τ F (τ) |τ = τb

Ew

(
∂2

∂τ2F (τ) |τ = τb

) (36)

with probability one, where τ̂b and τb are the estimated and real
time delay, respectively. Recall that the objective function of
the one-pulse MLE is F (τ̃n, ãn, σn, an) , where τ̃n and ãn are
the searched time delay and amplitude, respectively, and σn =
tq,n − t̂q,n. From (16), the first derivative of F (τ̃n, ãn, σn, an)
at the real time delay τ̃n = σn can be determined by

∂F (τ̃n, ãn, σn, an)

∂τ̃n
|τ̃n=σn

= 2ãn

⎡

⎢
⎢
⎢
⎣

∫ Tp/2

−Tp/2
wn(t)p

′ (t− σn) dt

−ãn
∫ Tp/2

−Tp/2
p (t− σn) p

′ (t− σn) dt

+an
∫ Tp/2

−Tp/2+σn
p (t− σn) p

′ (t− σn) dt

⎤

⎥
⎥
⎥
⎦

and its second derivative can be determined by

∂2F (τ̃n, ãn, σn, an)

∂τ̃2n
|τ̃n=σn

= 2ãn

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

− ∫ Tp/2

−Tp/2
wn(t)p

′ (t− σn) dt

+ãn
∫ Tp/2

−Tp/2
p′2 (t− σn) dt

+ãn
∫ Tp/2

−Tp/2
p (t− σn) p

′′ (t− σn) dt

−an
∫ Tp/2

−Tp/2+σn
p (t− σn) p

′′ (t− σn) dt

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

From (36), the estimated time delay converges almost surely to

τ̂n ∼= −

⎡

⎣
Rp′w (σn) +

an

2 p2
(

Tp

2 − σn

)
−

ân

2

(
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

))

⎤

⎦

E

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−Rp′w (σn)

+ (ân − an) p
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

−ânp
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

+an
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(37)

Substituting ân withRpw(τ̂n) + anRp (τ̂n − σn) given by (35),
Lemma 1 can be proved.

APPENDIX B
PROOF OF LEMMA 2

We transform (22) to

τ̂n

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(anRp (τ̂n − σn)− an)

×p
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

−anRp (τ̂n − σn)

×p
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

+an
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= −

⎡

⎢
⎢
⎢
⎣

Rp′w (σn) +
an

2 p2
(

Tp

2 − σn

)
−

Rpw(τ̂n)+anRp(τ̂n−σn)
2

⎡

⎣
p2
(

Tp

2 − σn

)
−

p2
(
−Tp

2 − σn

)

⎤

⎦

⎤

⎥
⎥
⎥
⎦

(38)

By using first-order Taylor expansion around τ̂n = σn for LHS
and RHS of (38), we can obtain

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

anσnp
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

+an
(
1 + σnR

′
p (0)

)

×p
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)
E(τ̂n)

−anp
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)
E(τ̂n)

−an
(
σn +

(
1 + σnR

′
p (0)

)
E(τ̂n)

)

×p
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

+anE(τ̂n)
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

≈

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

−an

2 p2
(

Tp

2 − σn

)

+an

2

(
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

))

+an

2 R
′
p (0)E(τ̂n)

×
(
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

))

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(39)

Thus, the expectation and variance of τ̂n can be approximated
by

E(τ̂n) ≈

− 1
2p

2
(
−Tp

2 − σn

)

−σnp
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

+σnp
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

−p
(

Tp

2 + σn

)
p′
(

Tp

2 + σn

)

(40)
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and

var(τ̂n) ≈

⎡

⎣

∫ Tp/2

−Tp/2−σn
p′2(t)dt+

1
4

[
p2
(

Tp

2 − σn

)
− p2

(
−Tp

2 − σn

)]2

⎤

⎦σ2
N

⎡

⎣
an
∫ Tp/2

−Tp/2+σn
p′2 (t− σn) dt

−anp
(

Tp

2 − σn

)
p′
(

Tp

2 − σn

)

⎤

⎦

2

(41)
when σn = 0, (40) and (41) can be simplified as

E(τ̂n) = 0; var(τ̂n) =
σ2
N

4π2a2n
∫ B/2

−B/2 f
2|P (f) |2df

(42)

Then Lemma 2 is proved.

APPENDIX C
PROOF OF THEOREM 1

By replacing τ̃n and ãn in F (τ̃n, ãn, σ, an) by the optimum
τ̂n and ân from (35) , (12) can be rewritten as

f(sq) =

3∑

n=1

E

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∫ −Tp/2+σn

−Tp/2

[
wn(t)

−ânp(t− τ̂n)

]2
dt

+
∫ Tp/2

−Tp/2+σn

⎡

⎣
anp (t− σn)
−ânp (t− τ̂n)

+wn(t)

⎤

⎦

2

dt

⎫
⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

=
3∑

n=1

⎡

⎢
⎢
⎣

Tp + [Tp − E(τ̂n)]
[∫ Tp/2

−Tp/2
p2 (t− E(τ̂n)) dt− 2

]
σ2
N

+a2nR
2
p (E(τ̂n)− σn)

∫ Tp/2

−Tp/2
p2 (t− E(τ̂n)) dt

+a2n
∫ Tp/2

−Tp/2+σn
p2 (t− σn) dt− 2a2nR

2
p (E(τ̂n)− σn)

⎤

⎥
⎥
⎦

(43)

Then the first derivative of f(sq) with respect to σn can be
expressed by

∂f(sq)

∂σn

=
3∑

n=1

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−2anE

[
Rpw(τ̂n)R

′
p (τ̂n − σn)

× ∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

]

−2a2nE

[
Rp (τ̂n − σn)R

′
p (τ̂n − σn)

× ∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

]

+2anE
[
R

′
p (τ̂n − σn)Rpw(τ̂n)

]−
2a2n
∫ Tp/2

−Tp/2+σn
p (t− σn) p

′ (t− σn) dt

+2anE

[
Rpw(τ̂n)R

′
p (τ̂n − σn)

+2anRp (τ̂n − σn)R
′
p (τ̂n − σn)

]

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∼=
3∑

n=1

⎡

⎢
⎢
⎢
⎢
⎣

−2a2nE

[
Rp (τ̂n − σn)R

′
p (τ̂n − σn)

× ∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

]

−2a2n
∫ Tp/2

−Tp/2+σn
p (t− σn) p

′ (t− σn) dt

+4a2nE
(
Rp (τ̂n − σn)R

′
p (τ̂n − σn)

)

⎤

⎥
⎥
⎥
⎥
⎦

(44)

Note that we use “∼=” in (44) as Ew(Rpw(τ̂n)R
′
p(τ̂n − σn)) and

Ew(
Rpw(τ̂n)R

′
p(τ̂n−σn)

× ∫ Tp/2
−Tp/2

p2(t−τ̂n)dt
) almost surely converge to zero. Then

the first-order derivative of f(sq) evaluated at σn = 0 can be
obtained by

∂f(sq)

∂σn
|σn=0

∼=
3∑

n=1

⎛

⎜
⎜
⎝

−2a2nEw

(
Rp(τ̂n)R

′
p(τ̂n)

)

× ∫ Tp/2

−Tp/2
p2 (t− τ̂n) dt

+4a2nEw

(
Rp(τ̂n)R

′
p(τ̂n)

)

⎞

⎟
⎟
⎠ (45)

From (43), τ̂n can be modeled as a zero mean Gaussian variable.
Hence, Ew(Rp(τ̂n)R

′
p(τ̂n)) can be derived as

Ew

(
Rp(τ̂n)R

′
p(τ̂n)

)
=

∫ Tp/2

−Tp/2
Rp(τ̂n)R

′
p(τ̂n)e

− τ̂2
n

2var(τ̂n) dτ̂n
√

2πvar(τ̂n)
(46)

Prior to going further, we firstly show that the K-th derivative of
Rp (τ) evaluated at τ = 0 is equal to zero if K is odd and p(t)
has a symmetric pulse shape. The K-th derivative of Rp (τ) is

represented as R(K)
p (τ) and it can be expressed by

R(K)
p (τ) |τ=0 =

�K/2�−1∑

k=0

(−1)k p(k)(t)p(K−1−k)(t)|Tp/2

−Tp/2

+
1

2
(−1)�K/2�

(
p(�K/2�)(t)

)2
|Tp/2

−Tp/2
(47)

where �� denotes floor function. Because K is odd and p(t) has
a symmetric pulse shape, (46) should be zero. Expanding (45)
around τ̂n = 0 via Taylor series, we can obtain

Ew

(
Rp(τ̂n)R

′
p(τ̂n)

)
=

∫ Tp/2

−Tp/2

⎛

⎜
⎜
⎝

Rp (0)R
′
p (0)+

∑∞
k=1

1
k!

[
Rp(τ̂n)×
R

′
p(τ̂n)

](k)

|τ̂n=0

τkn

⎞

⎟
⎟
⎠ e−

τ̂2
n

2var(τ̂n) dτ̂n

(48)

By the fact that E(τkn) = 0 and R
(K)
p (0) = 0 if k is odd, we can

getEw(Rp(τ̂n)R
′
p(τ̂n)) = 0. With a similar way, it can be shown

that Ew(Rp(τ̂n)R
′
p(τ̂n)

∫ Tp/2

−Tp/2
p2(t− τ̂n)dt) is also zero. Re-

call that f(sq) is a mean squared error between the windowed
received signal and the estimated one, it can state that f(sq)
approaches its local minimum with σ = 0 and thus Theorem 1
is proved.
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