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Abstract—Wireless multi-hop networks are being increasingly
used in military and civilian applications. Connectivity is a
prerequisite in wireless multi-hop networks for providing many
network functions. In a wireless network with many concurrent
transmissions, signals transmitted at the same time will mutually
interfere with each other. In this paper we consider the impact of
interference on the connectivity of CSMA networks. Specifically,
consider a network with n nodes uniformly and i.i.d. on a square
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rom any other active transmitter is below a threshold, i.e.
subject to the carrier-sensing constraint, and the transmission
is successful if and only if the SINR is greater than or equal to
a predefined threshold. We provide a sufficient condition and a
necessary condition, i.e. an upper bound and a lower bound on
the transmission power, required for the above network to be
asymptotically almost surely (a.a.s.) connected as n — oo. The
two bounds differ by a constant factor only as n — oc. It is shown
that the transmission power only needs to be increased by a
constant factor to combat interference and maintain connectivity
compared with that considering a unit disk model (UDM) without
interference. This result is also in stark contrast with previous
results considering the connectivity of ALOHA networks under
the SINR model.
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‘[f Vi @] where a node can only transmit if the sensed power

Index Terms—Connectivity, CSMA, Wireless Network.

I. INTRODUCTION

Wireless multi-hop networks are being increasingly used in
military and civilian applications. Connectivity is a prereq-
uisite in wireless multi-hop networks for providing many
network functions (e.g. routing, localization and topology
control) [1]-[3]. The scaling behavior of the connectivity
property when the network becomes sufficiently large is of
particular interest. A wireless multi-hop network is said to be
connected if and only if (iff) there is at least one (multi-hop)
path between any pair of nodes in the network.

Due to the nature of wireless communications, signals trans-
mitted at the same time will mutually interfere with each other.
The SINR (signal to interference plus noise ratio) model has
been widely used to capture the impact of interference on
network connectivity [2], [4], [5]. Under the SINR model,
the existence of a directional link between a pair of nodes
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is determined by the strength of the received signal from the
desired transmitter, the interference caused by other concurrent
transmissions and the background noise. Assume all nodes use
the same transmit power P and let x, k € I, be the location
of node k, where I represents the set of indices of all nodes in
the network. A node j can successfully receive the transmitted
signal from a node ¢ (i.e. node j is directly connected to node
1) if the SINR at x;, denoted by SINR (x; — x;), is above a
prescribed threshold 3, i.e.
P? ($i, xr j)
SINR (z; — x;) = NoF S Pl(ar @) > @D
keT;

where 7; C I' denotes the subset of nodes transmitting at
the same time as node ¢ and Ny is the background noise
power. The function ¢ (x;, «;) is the power attenuation from
x; to x;. The coefficient 0 < v < 1 is the inverse of the
processing gain of the system and it weighs the impact of
interference. In a broadband system using CDMA, ~ depends
on the orthogonality between codes used during concurrent
transmissions and v < 1; in a narrow-band system, v = 1 [2],
[5]. Similarly, node 7 can receive from node j (i.e. node i is
directly connected to node j) iff
_ Pl (z;, i)
SINR (x; — x;) Not7 S Pllas, @) >p. (2
kET;

Therefore node ¢ and node j are directly connected, i.e. a
bidirectional link exists between node 4 and node j, iff both
(1) and (2) are satisfied.

Dousse et al. [5] use the SINR model to analyze the impact of
interference on connectivity from the percolation perspective.
They consider a network where all nodes are distributed
in N2 following a homogeneous Poisson point process with
a constant intensity A and an attenuation function ¢ with
bounded support. By letting 7; = I'/{i,;}, i.e. all other
nodes in the network transmit simultaneously with node i
irrespective of their relative locations to x; and x;, it is shown
that there exists a very small positive constant +" such that
if v > 4 there is no infinite connected component in the
network, i.e. the network does not percolate. Further, when
v < 7/, there exists 0 < X < oo such that percolation
can occur when A > ). An improved result by the same
authors in [6] shows that under the more general conditions
that A > A, and the attenuation function has unbounded
support, percolation occurs when v < ~'. Here A. is the
critical node density above which the network with v = 0 (i.e.
the unit disk model (UDM) without interference) percolates [7,
p48]. These results suggest that percolation under the SINR
model can happen iff + is sufficiently small. They assume that
each node transmits randomly and independently, irrespective



of any nearby transmitter. This corresponds to the ALOHA-
type multiple access scheme [2], which however has become
obsolete [8].

The more advanced multiple access strategies, e.g. CSMA
and CSMA/CD (Carrier Sense Multiple Access with Colli-
sion Detection) [9] have become prevailing with widespread
adoption. The general idea of CSMA schemes is that nearby
nodes will not be scheduled to transmit simultaneously, i.e.,
a minimum separation distance is imposed among concurrent
transmitters. Therefore, it is natural to expect that CSMA could
improve the performance of ALOHA schemes by alleviating
interference, particularly under heavy traffic. On the other
hand, this distance constraint leads to a spatial correlation
problem which means that the location of a transmitter is
dependent on the location of other concurrent transmitters.
Therefore, even if all nodes are initially distributed following a
Poisson point process (PPP), the set of concurrent transmitters
cannot be obtained by independent thinning of the PPP.
Thus, the set of concurrent transmitters no longer forms a
PPP but a more complicated point process. Matérn hard-core
point process are widely used to model the set of concurrent
transmitters [10]-[12]. However, distribution of such hard-core
process is difficult to analyze and a closed-form expression
is yet to be obtained [10]-[14]. In this paper, we use an
entirely different approach. Particularly by investigating the
bounds on interference, instead of an accurate characterization
of interference distribution, we are able to avoid the above
mentioned difficulty in finding the accurate distribution of
concurrent transmitters and the associated interference.

In this paper, we analyze the connectivity of wireless CSMA
networks under the SINR model. Specifically, we con-
sider a network with n nodes uniformly i.id. on a square
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[—@, @} and each node is capable of performing carrier-
sensing operation. A pair of nodes are directly connected iff
both (1) and (2) are satisfied. Further, the attenuation function
assumes a power-law form, the same model considered in [5],
[6]. The contributions of this paper are:

1) We show that the interference experienced by any re-
ceiver in the network is upper bounded. Based on this
result, we further show that for an arbitrarily chosen
SINR threshold, there exists a transmission range Ry
such that a pair of nodes are directly connected if
their Euclidean distance is smaller than or equal to Ry.
On that basis, we derive a sufficient condition, i.e. an
upper bound on the transmission power, for the CSMA
network to be a.a.s. connected under the SINR model
as n — oco. An event &, depending on n is said to occur
a.a.s. if its probability tends to 1 as n — oo.

2) We provide a necessary condition, i.e. a lower bound on
the transmission power, for the CSMA network to be
a.a.s. connected. The lower bound is a tight bound and
differs from the upper bound by a constant factor only.

3) We show that the transmission power only needs to be
increased by a constant factor to combat interference and
maintain connectivity compared with that considering a
UDM without interference. This result is in stark con-
trast with previous results considering the connectivity

of ALOHA networks [5], [6] under the SINR model
which shows that connectivity is much harder to achieve
in the presence of interference and is impossible in a
narrow band system where v = 1.

The remainder of this paper is organized as follows: Section
II reviews related work; Section III defines network and
connection models. In Section IV we first derive an upper
bound on the interference in CSMA networks. Based on
the upper bound, a sufficient condition for connectivity is
obtained; Section V investigates a necessary condition for a
connected CSMA network; finally Section VI concludes the
paper and discusses future work.

II. RELATED WORK

The literature is rich in studying connectivity using the well-
known random geometric graph and the UDM, which is
usually obtained by randomly and uniformly distributing n
nodes in a given area and connecting any two nodes iff
their Euclidean distance is smaller than or equal to a certain
threshold r (n), known as the transmission range. This model
corresponds to a special case of the SINR model in (1), i.e.
when v = 0 (perfect orthogonality, no interference). Signif-
icant outcomes have been achieved for both asymptotically
infinite n [1], [15] and for finite n [16]-[18]. Particularly,
Penrose [15] and Gupta and Kumar [1] prove that under the
UDM and in a disk of unit area, the above network with a

transmission range of r (n) = W is a.a.s. connected
as n — oo iff ¢(n) — oco. Most of the results for finite n are

empirical results.

The work [3], [19]-[21] investigate the necessary condition
for the above network to be a.a.s. connected under the more
realistic log-normal connection model, where two nodes are
directly connected if the received power at one node from the
other node, whose attenuation follows the log-normal model
[9], is greater than a given threshold. These results however
rely on the assumption that the node isolation events are
independent, which is yet to be proved.

Despite the significant impact of interference caused by con-
current transmissions on connectivity, limited work exists on
analyzing connectivity under the SINR model. In [22], [23],
the authors study connectivity from the perspective of channel
assignment. Specifically, channel/time slots are assigned to
each link for all active links to be simultaneously transmitting
while satisfying the SINR requirement. The two papers [5],
[6] discussed in Section I study the impact of interference
on the connectivity of ALOHA networks from the percolation
perspective.

Mao et al. [24], [25] study the connectivity problem under a
generic random connection model, viz. two nodes separated by
a Euclidean distance z are directly connected with probability
g (z), where g : [0,00) — [0, 1] satisfies the properties of
integral boundedness, rotational invariance and non-increasing
monotonicity [7], independent of the event that another pair
of nodes are directly connected. The authors establish the
requirements for an a.a.s. connected network.



A major difficulty in moving to the SINR model is that
under the unit disk model or the random connection model,
connections are assumed to be independent, i.e. the event that a
pair of nodes are directly connected and the event that another
distinct pair of nodes are directly connected are independent.
This independence assumption on connections is critical in
the analysis of connectivity under these two models. In the
SINR model however, due to the presence of interference,
the existence of a direct connection between a pair of nodes
depends on both the location and the activities of other nodes
in the network.

Some other work exists on modeling the point process formed
by concurrent transmitters. The Matérn hard-core point process
are widely used to model the set of concurrent transmitters in
a CSMA network [10]-[13]. However, such hard-core process
are difficult to analyze. Consequently, some work [12], [26],
[27] uses PPP to approximate the distribution of concurrent
transmitters. A recent work [14] compared the mean inter-
ference in hard-core process and in the corresponding PPP
approximation.

III. NETWORK MODELS

We consider a network with n nodes uniformly and i.i.d. on a
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square [f@, \/Qﬂ , 1.e. the so-called extended network model
[2], where the network size scales with the network area while
the node density is fixed. All nodes use the same transmission
power P and there is always a packet at a node waiting to
be transmitted. The later assumption allows us to focus on the
network property without being disturbed by other factors, e.g.

traffic distribution.

A. Attenuation and interference

We consider that the attenuation function ¢ in (1) and (2) only
depends on Euclidean distance and is a power-law function
[5], [6] £ (s) = s~ where s represents the Euclidean distance
between a pair of nodes and « is the path-loss exponent,
which typically varies from 2 to 6 [9, p139]. In this paper
we assume « > 2. Note that when o < 2, the interference
experienced by a receiver in the CSMA network investigated
can not be bounded by a constant. The above assumptions on ¢
are widely used [2], [S], [12] and supported by measurement
studies [9]. As commonly done in the connectivity analysis
[11, [5]-[7], [15], the impact of small-scale fading is ignored
and only bidirectional communication links are considered.
Further, since in dense sensor networks and cellular networks
the background noise is typically negligibly small [2], [12], we
ignore the background noise Ny in (1) and (2). In addition,
we consider that all nodes use the same channel, i.e. v = 1,
which corresponds to a narrow-band system [2], [5].

B. Carrier-sensing

In CSMA networks, two nodes located at x; and x; can re-
spectively transmit simultaneously iff they can not detect each
other’s transmission, i.e. both P/ (x;, ;) and P/ (x;, x;)

in (1) and (2) are below a certain detection threshold F,.
From the power-law path loss, the carrier-sensing range R,
which determines the minimum Euclidean distance between
two concurrent transmitters, is given by

Re = (P/Ppn)"® 3)

One may alternatively consider a scenario where a node
transmits when the aggregated interference is below F;,, which
forms a trivial extension of the scenario considered in this

paper.

IV. A SUFFICIENT CONDITION FOR ASYMPTOTICALLY
ALMOST SURELY CONNECTIVITY

A major challenge in connectivity analysis under the SINR
model is that the existence of a direct connection between a
pair of nodes depends on both the locations and activities of
other nodes in the network, i.e. connections are correlated.
In this paper, we resort to a coupling approach to handle the
connection correlations. The main idea of coupling technique
is to build the connection between a more complicated model
and a simpler model with established results such that if a
property, e.g. connectivity, is true in the simpler model, it will
also be true in the more complicated model. Therefore the
property of the more complicated model can be studied by
studying the simpler counterpart.

Specifically, we first establish an upper bound on the interfer-
ence experienced by any receiver in CSMA networks. On that
basis, we show that for an arbitrarily chosen SINR threshold,
there exists a transmission range Ry such that a pair of nodes
are directly connected if their Euclidean distance is smaller
than or equal to Ry. Then we can use existing results on
connectivity under the UDM to analyze connectivity under
the SINR model.

A. An upper bound on interference and the associated trans-
mission range

The following theorem provides an upper bound on the inter-
ference.

Theorem 1. Consider a CSMA network with nodes distributed
arbitrarily on a finite area in R2. Denote by r( the Euclidean
distance between a receiver and its nearest transmitter in the
network, which is also the intended transmitter for the receiver.
When rog < R, the maximum interference experienced by
the receiver is smaller than or equal to N (r9) = N (ro) +
Ny, where

4P (52/5]{0 — ro)lia (@ Ba—1)R. — 7‘0)

Ni(ro) = R2(a—1)(a—2)
3P 3P 3P (3R.—ro) "
4
TR P BR =) a-DR @
3P 3P(3)l-« 3P
N2 = S @
Re " (a-1Re ' (VBR.)
5)l-a _
3P (%) (Ba—1) 5)

(@ —1) (e —2) (V3R.)"



Proof: See Appendix 1. ]

Remark 2. The upper bound in Theorem 1 is valid for any
node distribution. For a sparse network or a network where
nodes are placed in a coordinated or planned manner, replacing
R. with the minimum distance among concurrent transmitters,
Theorem 1 can be extended to be applicable.

Remark 3. The assumption that ro < R, is valid in most
wireless systems which not only require the SINR to be above
a threshold and also require the received signal to be of suf-
ficiently good quality. However Theorem 1 does not critically
depend on the assumption. For vy > R, so long as there exists
a positive integer c such that 7y < cR,. the upper bound can be
revised to accommodate the situation by changing the range
of the summation in (20) (in Appendix I) from [3, 00| and
[2,00] to [¢+ 2,00] and [c+ 1, 00] respectively and revising
the results accordingly.

The following result can be obtained as a ready consequence
of Theorem 1.

Corollary 4. Under the same settings as in Theorem 1, assume
that the SINR threshold in (1) and (2) is (. There exists a
transmission range Ry < R. such that a pair of nodes are
directly connected if their Euclidean distance is smaller than
or equal to Ry, given implicitly by

PRy®/N (Ro) = 8 (6)

Proof: Theorem 1 establishes that the interference ex-
perienced by a receiver z at rg from its transmitter w,
denoted by I (rp) is upper bounded by N (r(). Note that,
for 1o < R¢, N (7o) is increasing with ro and Pry® is
decreasing with . Therefore, using (6) the SINR of a receiver
at rg < Rp from its transmitter denoted by SINR (), satisfies

SINR (1) = (&5 = ity = B.

By symmetry, when the transmission occurs in the opposite
direction, i.e. from z to w, the interference generated by the
set of nodes that are transmitting at the same time as z is also
upper bounded by N (rg). Therefore the SINR at w is also

greater than or equal to 3.
Finally the existence of a (unlque) solution to (6) can be

P
— o0 as 19 — 0, %—)0

as ro — R_ and that N( - is monotonically decreasing with
To. |
Corollary 4 relates Ry to P and allows the computation of R
given P and the converse. A more convenient way to study
the relation between P and Ry is by noting that P = Py RY
and considering R, as a function of R.. Using (4), (5) and
letting % =z, (6) can be rewritten as

proved by noting that (20)

) 4(%3:—1)170((%(304—1)33—1) 3
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Figure 1. Variation of the ratio with the SINR requirement 3 when the
path loss exponent « equals to 2.5, 3, 4, respectively.

Figure 1 shows the ratio gc as a function of (. Different

curves represent different choices of the path loss exponent a.
For instance, when 3 = 10 and o = 4, we have ° = 3.6.

B. A sufficient condition for connectivity

Based on the transmission range R, derived in Corollary 4,
we obtain another main result:

Theorem 5. Consider a CSMA network with a total of n
va val®

nodes i.i.d. on a squarei 5 5 following a uniform
distribution. A pair of nodes are directly connected iff both
(1) and (2) (v =1 and Ny =0 in (1) and (2) ) are satisfied.
As n — oo, the above network is a.a.s. connected if the
transmission power

P = Pyb¢ (logn +c(n))?, (8)

where by =V /\/7, ¢c(n) = o(logn) and c(n) — oo as n —
o0 and 0o > b’ > 1 is the solution to (7) (By f (z) = o (g (x)),
we mean that lim f(z) =0.).
z—oo g ()
Proof: The results in [1], [15] show that, for a network
with a total of n nodes uniformly i.i.d. on a \/n x \/n square
and a pair of nodes are directly connected iff their Euclidean
distance is smaller than or equal to a given threshold 7 (n)
(i.e., UDM), the network is a.a.s. connected as n — oo iff
r (n) _ log n:—-c(n)

result, (7) (letting b’ = %;), Corollary 4 and Theorem 1, the
result in the theorem follows. |

where ¢ (n) — oo as n — oo. Using this

The implication of Theorem 5 is that in CSMA networks, since
the interference is bounded above by a constant almost surely
as shown in Theorem 1, to meet an arbitrarily high (albeit
constant with the increase in n) S, the power only needs to
be increased by a constant factor compared with that in the
unit disk model to maintain the same set of connections. This
result is in contrast to the ALOHA networks considered in [5],
[6] in which percolation only occurs for a sufficiently small

.
V. A NECESSARY CONDITION FOR ASYMPTOTICALLY
ALMOST SURELY CONNECTIVITY

Section IV derives a sufficient condition for a connected
CSMA network as n — oo in the presence of interference.



A logical question arises: what is the necessary condition for
the same CSMA network to be connected as n — oo.

In a CSMA network, any set of nodes can transmit si-
multaneously as long as the carrier-sensing constraints are
satisfied. Further, in a large-scale network, scheduling is
often performed in a distributed manner. In the absence of
accurate global knowledge on which particular set of nodes
are simultaneously transmitting at a particular time instant, it
is natural that a node sets its transmission power to be above
the minimum transmission power required for a network to
be connected under any scheduling algorithm (It is trivial
to show that, see also the proof of Lemma 6, when the
transmission power increases, connectivity will also improve).
Denote that minimum power by P/, where  represents
the set of all scheduling algorithms satisfying the carrier-
sensing constraints. In this section, we investigate Py, i.e.
a necessary condition required for connectivity as n — oo.
This is done by analyzing the transmission power required
for the above network to have no isolated node which is
a necessary condition for having a connected network. The
following lemma is required for the analysis of P}:

Lemma 6. Denote by Pq (respectively, P,) the minimum
transmission power required for the network to have no
isolated node under any scheduling (respectively, under a
particular scheduling w). We have Pg’z > Po = max,ecq P,.

Proof: We prove the lemma by showing that the minimum
transmission power required for the network to have no
isolated node under any scheduling has to be greater than or
equal to the minimum transmission power required for the
same network to have no isolated node under a particular
scheduling.

Define a set of nodes that can simultaneously transmit while
satisfying the carrier-sensing constraints as an independent set.
Obviously the independent set depends on the transmission
power of nodes. As the transmission power decreases, other
things being equal, R, will decrease and the number of nodes
that can simultaneously transmit will increase or remain the
same.

Denote by ¢’ a set of nodes that are scheduled to transmit
simultaneously in the CSMA network. It follows that ¢’ must
be an independent set. Given ¢', a node v € ¢’ is isolated
if there is no node in the network that can successfully
receive from it when the nodes in ¢’ are simultaneously
transmitting. Further, as explained in the last paragraph, the
independent set depends on the transmission power. When
the transmission power is decreased from P; to P, where
P, < Py, if ¢’ is an independent set at power level Py, it
will also be an independent set at power level P». Based on
the above observation and using (1) and (2), a decrease in
the transmission power will cause a decrease in the SINR, it
readily follows that if a node v € ¢’ is isolated at power level
Py when the set of active transmitters is ¢’, it will also be
isolated at power level P, when the set of active transmitters
is ¢'. For any transmission power less than P = max,cq P,
there exists a scheduling that will result the network to have an
isolated node at that power level. Therefore, Py, has to satisfy

Figure 2. An illustration of the hexagonal partition of the network area. The
shaded hexagons represent simultaneously active hexagons, where k = 3.

Po = max,ecq P,. |
Remark 7. As an easy consequence of Lemma 6, the prob-

ability that a CSMA network has no isolated node is a non-
increasing function of the transmission power.

Now the task becomes constructing a particular scheduling
which gives as large P, as possible, i.e. a tight lower bound
on PY,. Next we construct such scheduling w heuristically.

A. Construction of scheduling algorithm w

Obviously, w needs to satisfy the constraint on the minimum
separation distance between concurrent transmitters imposed
by the carrier-sensing requirement. Meanwhile, w needs to
schedule as many concurrent transmissions as possible to
maximize interference, hence P,,.

We start with a lemma that is required for the construction of
w.

N aE
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overlapping hexagons of equal side length s, such that the
origin o coincides with the centre of a hexagon and two
diagonal vertices of this hexagon, whose Euclidean distance
is 2s,, are located on y axis, as shown in Figure 2. We call a
hexagon an interior hexagon if it is entirely contained in the

2
square L—‘/f,‘/j} . When s,, =
interior

Lemma 8. Fartition the square into non-

(2logn) /5, a.a.s. each
exagon is occupied by at least one node as n — 0.

Proof: Because nodes are uniformly i.i.d., the probabilizy
1 3\/3331 )

T T on
Let &; be the event that an interior hexagon ¢ is empty, where
1 € = and = denotes the set of indices of all interior hexagons.

271 . .
There are at most V32 interior hexagons.

that an arbitrary interior hexagon is empty is (




Denote by A, the event that there is at least one empty
interior hexagon in [ \F ‘F . It follows that Pr(A4,)

Pr(Uieggi). Using union bound, we have Pr(Uiegfi)

IN

( 3v3s2 \ "
2n( 1——=2 .
Yz Pr(&) < NG . Using the fact that 1 — z <
exp(—z) and s, = \/210%, we have lim Pr(4,) <
n— o0
 3v3s2
lim 22 2 — lim —2% = ( which completes
n—o00 3\/§st n—o00 3\/§an logn p
the proof. ]

Hereinafter, we declare a hexagon to be active if there is a
node transmitting in it. We consider a scheduling w that uses
the hexagons as the basic unit for scheduling. Due to the min-
imum separation distance constraint, any two simultaneously
active hexagons should be separated by a minimum Euclidean
distance (depending on the carrier-sensing range given in (3)).
Let k£ be an integer and represent the minimum number of
inactive hexagons between two closest simultaneously active
hexagons (see Figure 2). Any two nodes inside the two active
hexagons are separated by a Euclidean distance of at least
V3ks,,. With a bit twist of terminology, we further define
a maximal independent set for scheduling to be the set of
hexagons that a) includes as many hexagons as possible; and b)
closest hexagons in the set are separated by exactly k adjacent
hexagons. Figure 2 illustrates such a maximal independent set
with k£ = 3.

We define w such that only hexagons belonging to the same
maximal independent set can be active at the same time.
No nodes in the same hexagon can be scheduled to transmit
simultaneously. (Note that if a hexagon intersecting the border
of |—vn va)?

5 5 has node(s) in it, it is also included into the
maximal independent set and its node(s) are treated in the same
way as other nodes in interior hexagons.) As a consequence
of the CSMA constraint and the definition of k,

V3ks, > R, > V3 (k—1)s, ©9)

B. Probability of having no isolated node

In this subsection, we derive a lower bound on P, for w
defined in the previous subsection. This is done by analyzing
the event that the network has no isolated node under w. The
following theorem summarizes another major outcome of the

paper:

Theorem 9. Under the same setting in Theorem 5 and the
scheduling algorithm w, a necessary condition on P,, for the
CSMA network to have no isolated node a.a.s. as n — oo is

P, > P,bS (logn)? (10)

where by = /6/5(b—1) and b is the smallest integer
11—«
satisfying the inequality: 2Bl +1) T (VEa-Db+1)+1) <

- (b+1)2(a—1)(a—2) =
1 (272
5 (3)°

Proof: The main strategy used is to couple the network

under the SINR model with the associated network under
UDM. Then, an upper bound on the probability of having no

isolated node in the network under the SINR model is obtained
by using existing results for UDM.

Denote the Euclidean distance between the centers of two
closest hexagons in a maximal independent set by L =
V3 (k+1)s,. See Figure 2 for an illustration. Divide the
hexagons belonging to the same maximal independent set as
a hexagon h; into tiers of increasing Euclidean distance from
the centre of h; using a similar strategy as that in the proof of
Theorem 1. The m™ tier of h; has at most 6m hexagons.
Further, we declare that the m™ tier of h; is complete in
a given area if all the 6m hexagons are entirely enclosed

2
: . : VEeEn  \/cn
in this given area. Denote by C4 a square {— 5 V5

(0 < ¢ < 1 and the exact value of ¢ will be decided later

in this paragraph). The hexagon containing the origin o has
/T _ \/Bsn
a number of ¢t = | 2—F—2—

complete tiers in C4. As ¢

increases, ¢ increases as well. For the hexagons located in C'4
but near the border of CA, the number of complete tiers in
f f

the square { decreases with an increase in c. We
choose the Value of c such that each hexagon 1n51de C4 has at

Nl

least ¢ complete tiers in the square [—— = , and the value

272
of ¢ is maximized. Let C’; be the union of hexagons entirely
contained in C4. With a little bit abuse of terminology, we
use Cy (C')) to denote both the area itself and the size of the

area. We can obtain lim Ca — 1.
n—ooCa

Consider an arbitrarily node ¢ transmitting inside a hexagon h;
in C’I’4. If there is no node that can receive from it, then node
i is isolated. Let I,,,;,, be the minimum interference that could
possibly be experienced by a potential receiver of node ¢ under
w. Note that the Euclidean distance between the transmitter
inside a hexagon in the m™M tier of h; and the centre of hexagon
h; is less than m L+ s,, (see Figure 2). Using Lemma 12 gives

O
= 6Ps;"‘z;:1m (\/gm (k+1)+ 1) -

= 6Ps;a/1t |z (\/§ |z (k+1) + 1)7025:5(11)

Lin > 6m (mL + s,)" " P

v

t —«
6Ps;a/x(\/§x(k+1)+1) dr  (12)

1

where |x] denotes the largest integer smaller than or equal to

z. (12) is obtained due to the fact that z (v/3z (k + 1)+1) -
is a decreasing function when = > m and

V3(k+1)(a—1) > 1 for @ > 2 and k > 1. Therefore
o (V3a (k+1) +1)" " is a decreasing function when z > 1.

) Ver _ sy
Further, noting that lim ¢ = == =
follows that

n— 00
t —
lim 6/ z(VBz(k+1)+1) do
1

2(V3(k+1)+1) “(V3la—1)(k+1)+1)
(k+1)°(a—1)(a—2)

lim 00, it
n— oo




The above equation implies that for an arbitrarily small
positive constant ¢, there exists a positive integer n. such that
when n > n,

RHS of (12) > Ps;*(f(k)—¢) = J, (13)
Let d be the Euclidean distance between node if and its
receiver. By (1), (2), it follows that only when 1 f} > B,
the transmission from node ¢ to its receiver could possibly
be successful. In other words, if there1 is no node within a

Euclidean distance of R = (J,/P) = to node i, then it is
isolated.

Denote by M and MS™R the (random) number of isolated

2
nodes in the CSMA network in the square [—@, @} and in

2
'y C {—@, @} respectively. Denote by MUPM the (ran-
NG ﬁlg

dom) number of isolated nodes in an area C/y C | -5, %5

in a network with a total of n nodes uniformly i.i.d. on the
2
N

2072
R. Based on the discussion in the last paragraph and using the
coupling technique [7], it can be shown that Pr (M > 1) >
Pr (MS™R > 1) > Pr (MYPM > 1). Consequently,

square [f under UDM with the transmission range

Pr (M =0) < Pr (MM =0) (14)
It remains to find the value of Pr (MYPM = 0). We first con-
sider a network with a total of n nodes distributed on a square

Vi val®

T 2002
is well-known that when the average node degree in the above
network equals to logn+¢ (n) and lim ¢ (n) = ¢ where ( is

n—oo

under UDM with a transmission range r (n). It

a constant (( = oo is allowed), the probability that there is no
isolated node in the above network asymptotically converges
toe ¢ " asn — 0o [71, [28], [29]. Further, it was shown in
[30] that boundary effect has an asymptotically vanishingly
impact on the number of isolated nodes. Let Z be a ran-
dom integer representing the number of nodes located inside

2
Ca C —4,@} "E(Z) = cn and Var(Z) = en (1 - c).
Let M7™(™) be the number of isolated nodes within an area C4

in the above network with a transmission range r (n). Based
on the above results, conditioned on that Z = c¢n we have
(here we have omitted some trivial discussions involving the
situation that cn is not an integer)

—¢

lim Pr (MT(") - 0‘ 7 — cn) — e (15)

n—oo

Using Chebyshev’s inequality, for 0 < § < %, we obtain that

1 Var (Z
lim Pr (|Z —cn| > (cn)é+6> < lim L)z =0
n—r00 n—00 145
()
(16)
Let f(n) = (cn)%H. Using the following two equations:

log(n+f(n)) + ¢((n) = logn + 1og(1+@) A
¢(n) lim,,_,  log (1 + @) + ((n) _
lim, 400 ¢ (n) = (¢ and (15), it can be shown that

<

lim,, o0 Pr (MT(”) = 0‘ Z=cn+ f(n)) = e~ .

and

b1 in the upper bound

8 ——-b, inthe lower bounc |

Constant factors bI and b2

SINR requirement p

Figure 3. A plot of the two constant factors by and b2 in the upper bound
(8) and in the lower bound (18) when o = 4.

Hence, for any integer m satisfying —f (n) < m < f(n),

limy, 00 Pr (M™™ =0/ Z =cn+m) = e=°¢"°. This
equation, together with (16), allows us to conclude that when
r(n) = log n:((")
lim Pr (M’”(") _ o) — et 17)
n—oo

As a result of (14), a necessary condition for
lim Pr(M =0) = 1 is that lim Pr(M"M =0) = 1.
n—oo , n—oo

Using the fact that lim 4 — 1 and (17), it follows that a
necessary condition “for the network under the SINR model

00 Ca
to a.a.s. have no isolated node is that R > M

1
o

and ¢ (n) — oo as n — oco. As denoted R = (8.J,/P) =,
together with the value of J,, in (13) and the value of s, in

Lemma 8 , we obtain that f (k) < % (%ﬂ%)f + €.
Letting n — oo and then &€ — 0 in the above inequality yields
f(k) < 5 (3)7. Based on the above equation, together

with (3; and (9), Theorem 9 results. |

The following corollary is obtained as a ready consequence of
Theorem 9 and Lemma (6).

Corollary 10. A necessary condition required for CSMA
networks to be a.a.s. connected as n — 00 under any
scheduling algorithm, i.e. a lower bound on P}, is given by

Py > Pyb (logn) ® (18)

Comparing the lower bound on P/, in (18) with the upper
bound in (8) and noting that ¢ (n) = o (logn), it can be shown
that, given an arbitrary (3, the two bounds differ by a constant
factor only as n — oo. Figure 3 shows the a plot of the two
constant factors, viz. by and bo, in (8) and in (18) respectively
as a function of 8 when o = 4. The curve representing b, is
a step function due to the granularity caused by the integer &
in the scheduling algorithm w.

VI. CONCLUSION AND FUTURE WORK

In this paper, we studied the connectivity of wireless CSMA
networks considering the impact of interference. We showed



that, different from an ALOHA network, the aggregate inter-
ference experienced by any receiver in CSMA networks is
upper bounded even when the coefficient v in (1) and (2)
equals to 1.

An upper bound and a lower bound were obtained on the
critical transmission power required for having an a.a.s.
connected CSMA network. The two bounds are tight and
differ by a constant factor only. The results suggested that
any pair of nodes can be connected for an arbitrarily high
SINR requirement so long as the carrier-sensing capability
is available. Compared with that considering UDM without
interference, the transmission power only needs to be increased
by a constant factor to combat interference and maintain
connectivity. This is a optimistic result compared with previous
results on the connectivity of ALOHA networks under the
SINR model.

The gap between the two bounds can be further narrowed
by considering more complicated geometric shapes than
hexagons. However such improvement is possibly of minor
importance. The implication of the results in this paper is that
there exists a spatial and temporal scheduling algorithm in a
large scale CSMA network that allows as many as possible
concurrent transmissions, and meanwhile, allows any pair of
nodes in the network to be connected under an arbitrarily
high SINR requirement. We also introduce a hexagon-based
scheduling algorithm that allows the CSMA network to be
connected. However, it remains a major challenge to find the
optimum scheduling algorithm that gives the minimum delay
and the maximum capacity under a specific traffic distribution.

APPENDIX I PROOF OF THEOREM 1

A network on a finite area, denoted by A C R2, can always be
obtained from a network on an infinite area i*? with the same
node density and distribution by removing these nodes outside
A. Such removal process will also remove all transmitters
outside A. Therefore the interference at a receiver in A is less
than or equal to the interference experienced by its counterpart
in a network in 2. It then suffices to show that the interference
in a network in $#? is bounded.

Consider that an arbitrary receiver z is located at a Euclidean
distance rg from its closest transmitter w, which is also the
intended transmitter for z. We construct a coordinate system
such that the origin of the coordinate system is at w and z is
on the +y axis, as shown in Fig. 4.

In a CSMA network, the distance between any two concurrent
transmitters is at least R.. Draw a circle of radius R./2
centered at each transmitter. Then the two circles centered
at two closest transmitters cannot overlap except at a single
point. Therefore the problem of determining the maximum
interference can be transformed into one that determining the
maximum number of equal-radius non-overlapping circles that
can be packed into 2. The densest circle packing, i.e. fitting
the maximum number of non-overlapping circles into R2, is
obtained by placing the circle centers at the vertices of a
hexagonal lattice [31, p. 8], as shown in Fig. 4.

Figure 4. An illustration of the densest equal-circle packing.

Group the vertices of the hexagonal lattice into tiers of
increasing distances from the origin. The six vertices of the
first tier are within a Euclidean distance R, to the origin. The
6m vertices in the m!" tier are located at distances within
((m —1) R;,mR,] from the origin.

Let I; be the interference caused by transmitters, hereinafter
referred to as interferers in this section, above the z-axis
at node z. Using the triangle inequalities gives ||x; — z|| >
||| — 7o where x; is the location of an interferer above the
z-axis. Among the 6m interferers in the m'* group, half of
them are located above the z-axis. Among these interferers
in the m*" group above the z-axis, three of them are at a
Euclidean distance of exactly mR,. from the origin and the
rest 3(m — 1) interferers are at Euclidean distances within
[@mRC, mR.]. Hence, we have

= 3(m—-1)P 3P
L < =P, <] 19
el (@mRC —79) (mRc — o)
Look at the first summation in (19). Let U,,,, m = 3, ..., 00, be

random variables uniformly and i.i.d. in [m —1/2, m + 1/2].

It follows from the convexity of g(m_l)P = and Jensen’s
S2mRc.—1o

inequality (used in the second step) that

o0 3(m—-1)P
Zm:?) @mRC _ To)a

"
i

=3

EUn) -1 P

E (Um) R, — 7"0)&
3(Un—1)P )

(LU R, —1)"

ml/2 3z —1)P

[e'e] \/§ —a
SP/ r—1)—xR.— 1 dx
=0 (5 0)

(20)
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11—«
P (54£RC — 7’()) (? (3& — ].) RC — 7’0){21
= RZ(a—1)(a—2) @b

3p 3P( R. —rg)

a

-«

Likewise, we also have Y °_, E.
As a result of the last equation and (19) (21) (4) 1t follows
that I; < NV, (7“0).

Now we consider the total interference caused by interferers
below the z-axis at node z, denoted by I». Let x; be the
location of an interferer below the x-axis, it follows from the
triangle inequality that ||@; — z|| > ||x;||. Therefore

oo

3P 3(m—-1)P
L < -
2 = 2\ @R (n”
_ 3P 3P(3) 3P
= Re (a—-1)Re " (V3R.)"

3P (2)' 7 (Ba—1)
(@—1)(a—2)(V3R.)"

Combining I; < Nj (rg) and (22), Theorem 1 is proved.

(22)

APPENDIX II LEMMA 12

Lemma 12 is needed in the proof of Theorem 9. Theorem 11
is used to prove Lemma 12.

Theorem 11. (Theorem 1 in [32]) Let vy,v2,...,v; be
j arbitrary points in R?. Let wy, Wa, ... w; be j positive
numbers regarded as weights attached to these points, and
define a position vector ¢ by Yol wiv; = We where W =
Z] 1 w;. Then for an arbitrary point z, the following holds:
S wi o — 22 = S wg o; — e+ W |1z — e

Lemma 12. Consider a triangular lattice with unit side length
and having a vertex located at the origin o. Define the 1* tier
of points to be the six points placed at the vertices of the
triangular lattice at a distance of 1 to the origin o. Let the

™ tier of points be the 6m points placed at the vertices of the
triangular lattice located at distances within (m — 1, m| from
the origin o, as shown in Figure 5. The total number of points
from the 1 tier to the m™ tier then equals to j = 3m (1 + m).
Let vi,v3,...v; be the location vectors of these j points
and the points are ordered according to their distances to the
origin o in a non-decreasing order. For an arbitrary point z
located inside the hexagon formed by the 1% tier of six points,
the following holds: >~1_, ||v; — 2|~ is minimized when z
is located at the origin o.

Proof: Now we use Theorem 11 to prove Lemma 12.
Letting all attached weights w; equal to 1 and using Theorem
11, for an arbitrary point z located inside the hexagon formed
by the 1% tier of six points, we have

6 2
Zi:1 |vi — 2|

where c is given by Z _,v; = 6c. It is clear that c is the
centroid of the six points. Since the hexagon has a unit side
length, ||v; — c|| equals to 1. Let z; = |jv; — 2| and y =

6 2 2
= i1 llvi—e¢|"+6[z—c| (23)

Figure 5. An illustration of a triangular lattice

|lz — ¢l|. The problem in Lemma 12 can then be converted to
the following constrained minimization problem:

f(x1,...,2) = Z?:ﬁi_a
h(x1,...,26) :Z?:lx?—6—6y2 =0

where the constraint is due to (23). Using the method of La-

grange multipliers, we first construct the Lagrangian in the fol-

IOWil’lgI F (1‘1, .. .$67A) = f (,Il, . ,1‘6) + Ah (9317 . ,Iﬁ)

where the parameter A is known as the Lagrange multiplier.

Then find the gradient and set it to zero: VE' (z1,...26,A) =
—ax7* 4+ 2Ax,

minimize

subject to

: = 0. Solving the above equation,
—ocxga_l + 2Azg

h(lEl,IEQ, e ,I’G)
_ag2
it is obtained that A = < (1 +9y%) 7 and xy = 3p... =
-1
Te = (%) o= (1 +y ) Since x; = ||v; — z|| denotes

the Euclidean distance from v; to z, only when z = ¢, we can
have z1 = 9 = ... = g = 1. It follows that the minimum
of f(x1,xs,...,x6) is obtained only when z is located at
the origin o. Further, for the 6m points of the m™ tier, using
the same method, it can be shown that Z i — =]

minimized only when z is located at the orlgm o. The result
follows. [ ]

REFERENCES

[1] P. Gupta and P. R. Kumar, “Critical power for asymptotic connectivity,”
in Proc. IEEE Conference on Decision and Control, 1998, pp. 1106—
1110.

[2] M. Haenggi, J. G. Andrews, F Baccelli O. Dousse, and
M. Franceschetti, “Stochastic geometry and random graphs for
the analysis and design of wireless networks,” IEEE Journal on
Selected Areas in Communications, vol. 27, no. 7, pp. 1029-1046,
2009.

[3] C. Bettstetter and C. Hartmann, “Connectivity of wireless multihop
networks in a shadow fading environment,” Wireless Networks, vol. 11,
no. 5, pp. 571-579, 2005.

[4] P. Gupta and P. R. Kumar, “The capacity of wireless networks,” IEEE
Transactions on Information Theory, vol. 46, no. 2, pp. 388—404, 2000.

[5] O. Dousse, F. Baccelli, and P. Thiran, “Impact of interferences on con-
nectivity in ad hoc networks,” IEEE/ACM Transactions on Networking,
vol. 13, no. 2, pp. 425-436, 2005.

[6] O. Dousse, M. Franceschetti, N. Macris, R. Meester, and P. Thiran,
“Percolation in the signal to interference ratio graph,” Journal of Applied
Probability, vol. 43, no. 2, pp. 552-562, 2006.



[7]

[8]

[9]
[10]

[11]

[12]
[13]
[14]
[15]
[16]

[17]

[18]

[19]

[20]

[21]

[22]

(23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

M. Franceschetti and R. Meester, Random Networks for Communication
Jfrom Statistical Physics to Information Systems. Cambridge University
Press, 2007.

S. Kumar, V. S. Raghavan, and J. Deng, “Medium access control
protocols for ad hoc wireless networks: A survey,” Ad Hoc Networks,
vol. 4, no. 3, pp. 326-358, 2006.

T. S. Rappaport, Wireless Communications Principles and Practice,
2nd ed. Prentice Hall, 2002.

F. Baccelli and B. Blaszczyszyn, Stochastic Geometry and Wireless
Networks Volume Il : APPLICATION. Paris: Now Publishers, 2009.
A. Busson, G. Chelius, and Acm, “Point processes for interference
modeling in csma/ca ad-hoc networks,” in Pe-Wasun09: Proceedings
of the Sixth Acm International Symposium on Performance Evaluation
of Wireless Ad-Hoc, Sensor, and Ubiquitous Networks, 2009, pp. 33-40.
M. Haenggi and R. K. Ganti, “Interference in large wireless networks,”
Found. Trends Netw., vol. 3, no. 2, pp. 127-248, 2009.

A. Busson, G. Chelius, and J.-M. Gorce, “Interference modeling in csma
multi-hop wireless networks,” Research Report, INRIA, 6624, 2009.
M. Haenggi, “Mean interference in hard-core wireless networks,” IEEE
Communications Letters, vol. 15, no. 8, pp. 792-794, 2011.

M. Penrose, Random Geometric Graphs, 1st ed. New York: Oxford
University Press, 2003.

C. Bettstetter, “On the connectivity of ad noc networks,” The computer
Jjournal, vol. 47, pp. 169-181, 2004.

, “On the minimum node degree and connectivity of a wireless
multihop network,” in ACM international symposium on Mobile ad hoc
networking & computing, 2002, pp. 80-91.

A. Tang, C. Florens, and S. H. Low, “An empirical study on the
connectivity of ad hoc networks,” in IEEE Aerospace Conference, vol. 3,
2003, pp. 1333-1338.

R. Hekmat and P. Van Mieghem, “Connectivity in wireless ad-hoc net-
works with a log-normal radio model,” Mobile Networks & Applications,
vol. 11, no. 3, pp. 351-360, 2006.

D. Miorandi and E. Altman, “Coverage and connectivity of ad hoc
networks presence of channel randomness,” in Proc. IEEE INFOCOM,
vol. 1, 2005, pp. 491-502 vol. 1.

D. Miorandi, “The impact of channel randomness on coverage and
connectivity of ad hoc and sensor networks,” IEEE Transactions on
Wireless Communications, vol. 7, no. 3, pp. 1062-1072, 2008.

C. Avin, Z. Lotker, F. Pasquale, and Y. A. Pignolet, “A note on uniform
power connectivity in the sinr model,” Algorithmic Aspects of Wireless
Sensor Networks, vol. 5804, pp. 116-127, 2009.

E. Lebhar and Z. Lotker, “Unit disk graph and physical interference
model: Putting pieces together,” in IEEE International Symposium on
Parallel&Distributed Processing, 2009, pp. 1-8.

G. Mao and B. D. Anderson, “Connectivity of large scale
networks: Emergence of unique unbounded component,” submit-
ted to IEEE Transactions on Mobile Computing, available at
http://arxiv.org/abs/1103.1991, 2011.

——, “Connectivity of large scale networks: Distribution of isolated
nodes,” submitted to IEEE Transactions on Mobile Computing, available
at http://arxiv.org/abs/1103.1994, 2011.

A. Hasan and J. G. Andrews, “The guard zone in wireless ad hoc
networks,” IEEE Transactions on Wireless Communications, vol. 6,
no. 3, pp. 897-906, 2007.

H. Q. Nguyen, F. Baccelli, and D. Kofman, “A stochastic geometry
analysis of dense ieee 802.11 networks,” in Proc. IEEE INFOCOM,
2007, pp. 1199-1207.

C.-W. Yi, P--J. Wan, X.-Y. Li, and O. Frieder, “Asymptotic distribution of
the number of isolated nodes in wireless ad hoc networks with bernoulli
nodes,” IEEE Transactions on Communications, vol. 54, no. 3, pp. 510-
517, 2006.

G. Mao and B. D. O. Anderson, “On the asymptotic connectivity of
random networks under the random connection model,” in Proc. IEEE
INFOCOM, 2011, pp. 631-639.

G. Mao and B. D. Anderson, “Towards a better understanding of large
scale network models,” accepted to appear in IEEE/ACM Transactions
on Networking, 2011.

J. H. Conway and N. J. A. Sloane, Sphere Packings, Lattices and Groups,
3rd ed. New York: Springer, 1999.

T. M. Apostol and M. A. Mnatsakanian, “Sums of squares of distances
in m-space,” American Mathematical Monthly, vol. 110, no. 6, pp. 516—
526, 2003.

Tao Yang received her BEng degree and MSc degree
in Electrical Engineering from Southwest Jiaotong
University, China. She is currently working toward
the PhD degree in Engineering at University of Syd-
ney. Her research interests include wireless multihop
networks and network performance analysis.

Guogiang Mao received PhD in telecommunica-
tions engineering in 2002 from Edith Cowan Uni-
versity. He joined the School of Electrical and In-
formation Engineering, the University of Sydney in
December 2002 where he is a Senior Lecturer now.
His research interests include wireless localization
techniques, wireless multihop networks, graph the-
ory and its application in networking, and network
performance analysis. He is a Senior Member of
IEEE and an Associate Editor of IEEE Transactions
on Vehicular Technology.

Wei Zhang (S’01-M’06-SM’11) received the Ph.D.
degree in electronic engineering from The Chinese
University of Hong Kong in 2005. He was a Re-
search Fellow with the Department of Electronic and
Computer Engineering, Hong Kong University of
Science and Technology, during 2006-2007. From
2008, he has been with the School of Electrical En-
gineering and Telecommunications, The University
of New South Wales, Sydney, Australia, where he is
a Senior Lecturer. His current research interests in-
clude cognitive radio, cooperative communications,
space-time coding, and multiuser MIMO.

He received the best paper award at the 50th IEEE Global Communications
Conference (GLOBECOM), Washington DC, in 2007 and the IEEE Com-
munications Society Asia-Pacific Outstanding Young Researcher Award in
2009. He is Co-Chair of Communications Theory Symposium of International
Conference on Communications (ICC 2011), Kyoto, Japan. He is an Editor
of the IEEE Transactions on Wireless Communications and an Editor of the
IEEE Journal on Selected Areas in Communications (Cognitive Radio Series).



