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Abstract—Device-to-device (D2D) communications have been
proposed as a promising technology to improve network capacity
and user experiences in the future mobile networks such as
heterogeneous networks with densely deployed small cells, but
it has not yet been fully incorporated into the existing cellular
networks. Interference management is one of the critical issues
when D2D communications using uplink resources and coexisting
with conventional cellular communications, especially in the
ultra-dense networks (UNDs). In this paper, we address the
critical issue of interference management by a mode selection
method which is based on the maximum received signal strength
(MRSS) for each D2D transmitter (TU). To analyze the capacity
of a more practical D2D-enhanced network, we consider that
the typical user is no longer a random user, i.e., random
user selection by a round-robin (RR) scheduler, as assumed
in most studies in the literature. Instead, a cellular user with
the maximum proportional fair (PF) metric is chosen by its
serving BS as the typical user, which is referred to as the PF
scheduler in the cellular tier. Furthermore, we theoretically study
the performance in terms of the coverage probability and the
area spectral efficiency (ASE) for both the cellular network and
the D2D one with the consideration of the PF scheduler in
UDNs. Analytical results are obtained and the accuracy of the
proposed analytical framework is validated through Monte Carlo
simulations. Through our theoretical and numerical analyses, we
quantify the performance gains brought by D2D communications
and the PF scheduler in cellular networks and we find an
optimum mode selection threshold β to maximize the total ASE
in the network.

Index Terms—Device-to-Device, Inter-cell interference (ICI),
Interference management, Line-of-sight (LoS), Non-line-of-sight
(NLoS), Coverage probability, Area spectral efficiency (ASE),
Proportional fair scheduler.

I. INTRODUCTION

In the last decade, there has been an explosive increase
in the demand for data traffic [1]. To address such massive
consumer demand for data communications, several note-
worthy technologies have been proposed [2], such as small
cell networks (SCNs), cognitive radio, device-to-device (D2D)
communications, etc. As one of the promising technologies,
D2D communications allow direct data transfer between a
pair of nearby mobile UEs. Due to the short communication
distance between such pairs of D2D user equipment (UEs),
D2D communications hold great promise in improving net-
work performance such as the coverage, spectral efficiency,
energy efficiency and so on [3].

In the standardization of the 5-th generation (5G) networks,
the orthogonal frequency division multiple access (OFDMA)

based D2D communications adopt two types of spectrum
sharing methods, (i) in-band (e.g., using cellular spectrum)
or (ii) out-band (e.g., unlicensed spectrum). In particular, in
the in-band D2D communications, D2D users can set up
their communications in an underlay or overlay manner. More
specifically, in an underlying setting, D2D users use the same
spectrum of cellular users (CUs) whereas in the overlay, D2D
users access a dedicated portion of cellular spectrum [4].
Recently, it has been standardized by the 3rd Generation
Partnership Project (3GPP)[5] that Proximity Services (ProSe)
should use uplink resources when coexisting with conventional
cellular communications. This means that practical D2D com-
munications will underlay with cellular networks in the uplink.

Although the reuse of the cellular spectrum via D2D can
improve the area spectral efficiency of the network, such D2D
operations also pose great challenges. The major challenge in
the D2D-enabled cellular network is the existence of inter-
tier and intra-tier interference due to the aggressive frequency
reuse, where cellular UEs and D2D UEs share the same
spectrum. It is essential to design an effective interference
management scheme to control the interference generated by
the D2D links to the cellular links, and vice versa. Conse-
quently, there has been a surge of academic studies in this area.
Transmission power control [6], [7], [8], [9], distance-based
mode selection [10], [11], [12] and guard-zone interference
control schemes [13], [14], [15] have been proposed to solve
this problem.

On the other hand, as pointed out in [16], one major
weakness of recent research on D2D communications is a
lack of realistic scenarios for future mobile networks such as
heterogeneous networks with densely deployed small cells. As
a straightforward way to increase network capacity, the SCN
densification also opens up new research questions, especially
in the context of D2D communications. First, scheduling has
been conceived as an effective use selection technique used
at base stations (BSs) to efficiently use the available spectrum
and improve the overall system throughput. Second, the path
loss models of D2D links and cellular links in a D2D-enabled
cellular network are different due to the difference in the
heights and the locations of transmitters [17]. Third, It is well
known that LoS transmission may occur when the distance
between a transmitter and a receiver is small, and non-line-of-
sight (NLoS) transmission is common in office environments
and in central business districts. When the distance between
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a transmitter and a receiver decreases, the probability that a
LoS path exists between them increases, thereby causing a
transition from NLoS transmission to LoS transmission with
a higher probability. Due to the proximity between D2D users,
the physical channels which constitute D2D communications
are expected to be complex, experiencing both LoS and NLoS
conditions across these pairs, which are distinctly different
from conventional cellular environments [18].

In this paper, we will consider the above network models
and will also present a novel mode selection scheme based
on the maximum received signal strength for D2D transmitter
(TU) to control the interference and focus on the analysis of
the orthogonal deployment of uplink sharing D2D-enhanced
UDNs. The maximum received signal strength based mode
selection scheme is more practical than the distance-based
mode selection in most existing studies because in practice
it is possible that the strongest received signal strength is not
associated with the closest BS but the one with the minimum
path loss with a line-of-sight (LoS) link. In more detail, a
UE will operate in a cellular mode if its received signal
strength from the strongest base station (BS) is larger than
a threshold β; otherwise, it will operate in a D2D mode.
This will mitigate the overlarge interference from the D2D
links to the cellular links. To analyze the proposed framework,
we develop a theoretical framework that takes practical path
loss model and Rayleigh fading into account. Based on our
analytical results, we find a tradeoff between the maximization
of the area spectral efficiency (ASE) performance and the
fairness of the D2D links, and the optimum setting of the
threshold β that maximizes the ASE.

To the best of our knowledge, there have been no prior
work on the theoretical study of the D2D-Enhanced dense
cellular networks with the interference management and the PF
scheduler [19]. Our analysis shows a non-trivial difference on
the network performance when considering different path loss
models for the cellular links and the D2D links respectively,
which captures the different environmental conditions that
cellular links and D2D links operate in.

Compared with the existing work, the main contributions of
this paper are:
• We propose a tractable interference management scheme

for each user equipment (UE) to control the co-channel
interference. Specifically, a UE will operate in a cellular
mode if its received signal strength from the strongest
base station (BS) is larger than a threshold; otherwise,
it will operate in a D2D mode. Such an interference
management scheme mitigates large interference from
D2D transmitter to the cellular network. Through our
theoretical and numerical analyses, we quantify the per-
formance gains brought by D2D communications in cel-
lular networks and we find an optimum mode selection
threshold β to maximize the total ASE in the network.

• We investigate a general D2D-enhanced dense network
performance with the consideration of PF schedulers. For
the first time, we use stochastic geometry [20] to derive
the analytical results of the coverage probability and the
area spectral efficiency (ASE) performance of the D2D-
enhanced UDNs with PF schedulers used at BSs. The

key point of our analysis is that the typical user is no
longer a random user as assumed in most exiting studies
of stochastic geometry.

• Different from the existing work that does not differ-
entiate the path loss models between cellular links and
D2D links, our analysis adopts two different path loss
models for cellular links and D2D links, respectively.
Our results demonstrate that the D2D links can provide
a considerable ASE gain when the threshold parameter
β is appropriately chosen. More specifically, our analysis
shows the interference from D2D tier can be controlled by
using our mode selection scheme, and there is an optimal
to achieve the maximum ASE while the performance of
cellular tier is guaranteed.

The rest of this paper is structured as follows. Section II
provides a brief review of related work. Section III describes
the system model. Section IV presents our theoretical analysis
on the coverage probability and the ASE. The numerical and
simulations results are discussed in Section V. Our conclusions
are drawn in Section VI.

II. RELATED WORK

Device-to-device (D2D) communications underlying cellu-
lar networks are ongoing standardization topics in Long Term
Evolution Advanced (LTE-A) [5], i.e., in-band D2D, mainly
as a means to improve the coverage [3] so that improve the
throughput or the spectrum efficiency through traffic offloading
from cellular network. There is rich literature in modeling
and investigating D2D enabled cellular network. Meanwhile,
the stochastic geometry which is accurate in modeling irreg-
ular deployment of base stations and mobile user equipment
has been widely used to analyze network performance [21],
[22], [23], [24], [25], [26], [27]. Andrews, et al. conducted
network performance analyses for the downlink (DL) [21]
and the uplink (UL) [22] of SCNs, in which UEs and/or
BSs were assumed to be randomly deployed according to
a homogeneous Poisson point process (HPPP). In [25], the
authors proposed joint mode selection and pairing in mixed
cellular and D2D network which based on the biased received
power from nearest BS. In [26], modeling and performance
analysis of D2D enabled networks with mobility have been
presented and a distance-based mode selection scheme has
been proposed. In [27], the authors developed an analytical
framework for the D2D communications underlying cellular
network in the DL in terms of the meta-distribution of the
signal-to-interference ratio.

As one of the fundamental problem in the D2D communi-
cation system, the management of the interference has been
analyzed in the literature [13], [6], [7], [10], [14], [15], [9],
[12]. In [9], Lee proposed a power control algorithm to control
the co-channel interference in which global channel state
information is required at BSs. In [10], Liu provided a unified
framework to control the interference in a multi-channel
environment with Rayleigh fading, where D2D UEs were
selected based on the average received signal strength from the
nearest BS, which is equivalent to a distance-based selection.
A distributed power control scheme has been proposed in
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[12] to mitigate interference in a D2D underlaid cellular
system. In [13], the author proposed an interference-limited
area control scheme to mitigate the interference from cellular
to D2D considering a single slope path loss model. The authors
of [14] and [15] proposed novel approaches to model the
interference in uplink or downlink underlaid/overlaid with
Rayleigh fading and single path loss model.

Although the existing works have provided precious insights
into interference management for D2D communications, there
are remaining problems: the mode selection schemes in the
literature were not very practical. Note that in some existing
works [10], [11], it was assumed that each UE should connect
to the nearest BS and select operation mode based on the
distance. However, maximum received signal strength based
mode selection scheme is more practical than the distance-
based mode selection since in practice it is possible that the
strongest received signal strength is not associated with the
closest BS but the one with the minimum path loss with a
LoS link.

On the other hand, as the de facto standard in cellu-
lar networks, proportional fair (PF) scheduling have been
extensively studied [28], [29], [30]. In [28], The authors
developed the predictive finite-horizon PF scheduling ((PF)2S)
framework that exploits mobility. In [30], the authors pro-
posed a low-complexity waterfilling-based power allocation
(PA) technique, incorporated within the proportional fairness
scheduler. Nevertheless, there has been no prior work on the
theoretical study of the PF scheduler in the context of D2D-
enhanced cellular network or UDNs. Generally speaking, the
existing work on PF schedulers does not scale well with the
network densification. In [31], the authors analyzed the PF
scheduler to obtain the cell throughput in a scenario with
merely one BS. In [32], the authors studied the PF scheduler
in a scenario with a limited number of BSs, which quickly
becomes computationally infeasible for UDNs. In [33], only
system-level simulations are studied for large-scale networks,
which lacks analytical rigor.

To sum up, in this paper, we propose a D2D-enhanced dense
cellular network framework which takes into account an inter-
ference management scheme based on the maximum received
signal strength, probabilistic NLoS and LoS transmissions and
the proportional fair scheduler. This work shed new insight on
the interference management of coexistent D2D and cellular
transmissions and the insight is expected to provide a design
guideline for D2D mode selections.

III. SYSTEM MODEL

In this section, we first explain the scenario of the D2D
communication coexisting with the cellular network. Then, we
present the path loss model, interference management scheme,
the PF scheduler and the performance metrics.

A. Scenario Description

We consider a D2D underlaid UL cellular network, where
BSs and UEs, including cellular uplink UEs and D2D UEs,
are assumed to be distributed on an infinite two-dimensional
(2D) plane R2. We assume that the cellular BSs are spatially

distributed according to a 2D homogeneous PPP of intensity
λb , i.e., Φb = {Xi}, where Xi denotes the spatial locations
of the ith BS. For the cellular network, we assume the
uplink UEs which only operate in cellular mode are deployed
following an arbitrary stationary and ergodic Poisson point
process of intensity λu. Moreover, the D2D transmitters are
also distributed in the network region according to another
independent homogeneous PPP ΦTU of intensity λTU . We
assume that each D2D transmitter has a dedicated receiver
located at distance l in a random direction as [27]. In this
paper, we take a PF scheduler into account in the cellular tier,
which will be described in detail in Subsection III-C.

Furthermore, we assume that each UE and each BS transmit
with constant powers PD and PB , respectively. Finally, we
adopt a unified channel model that only Rayleigh fading h is
considered for both cellular and D2D links: where h is the
fading factor following an exponential distribution with unit
mean, i.e., h ∼ exp(1).

B. Path Loss Model

In this paper, we incorporate both NLoS and LoS transmis-
sions into the path loss model. Following [34], [17], path loss
functions adopted in the 3GPP [4] for cellular links and D2D
links are considered, which can be written as

ζB (r)=

{
ABLr

−αBL ,

ABNr
−αBN ,

LoS Probability: PrL
B (r)

NLoS Probability: 1− PrL
B (r)

(1)

and

ζD (r)=

{
ADLr

−αDL ,

ADNr
−αDN ,

LoS Probability: PrL
D (r)

NLoS Probability: 1− PrL
D (r)

.

(2)
Specifically,

PrL
B (r) =

{
1− 5 exp (−R1/r) 0 < r ≤ dB
5 exp (−r/R2) r > dB

(3)

and

PrL
D (r) =

{
1 0 < r ≤ dD
0 r > dD

(4)

where ABL = 10
1
10A

dB
BL and ABN = 10

1
10A

dB
BN , ADL =

10
1
10A

dB
DL and ADN = 10

1
10A

dB
DN are determined by the trans-

mission frequency for BS-to-UE links and UE-to-UE links
in LoS and NLoS conditions, respectively. Parameters αBL
and αBN , αDL and αDN denote the path loss exponents
for BS-to-UE links and UE-to-UE links with LoS and NLoS
conditions, respectively. Parameters R1 = 156 m, R2 = 30 m,
and dB = R1

ln 10 = 67.75 m [4]. Parameter dD = 50 m is the
cut-off distance of the LoS link for UE-to-UE links.

C. Interference Management Scheme

There are two modes for TUs in the considered D2D-
enabled UL cellular network, i.e., cellular mode and D2D
mode. Each TU is assigned with an operation mode according
to the comparison of the maximum received DL power from its
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strongest BS with a threshold. In more detail, the considered
mode selection criterion is formulated as

Mode =

{
Cellular, if P ∗ = max

Φb

{
P rx
Φb

}
> β

D2D, otherwise
, (5)

where the string variable Mode takes the value of ’Cellular’
or ’D2D’ to denote the cellular mode and the D2D mode,
respectively. P rx is the received signal strength from a BS.
In particular, for a tagged TU, if P ∗ is larger than a specific
threshold β > 0. This TU is not appropriate to work in the
D2D mode due to its potentially large interference to cellular
UEs. Hence, it should operate in the cellular mode and directly
connect with the strongest BS, i.e., the BS that offers the
highest received signal strength; otherwise, it should operate
in the D2D mode. The UEs which are associated with cellular
BSs are referred to as cellular UEs (CUs). The distance from
a CU to its associated BS is denoted by RB . From [7], we
assume CUs are distributed following a PPP Φc.

The received power for a typical TU from a BS b can be
written as

P rx
b =

{
PBABLR

−αBL
B LoS

PBABNR
−αBN
B otherwise

, (6)

where PB is the transmission power of a BS. Based on the
above system model, we can obtain the intensity of CU as
λc = λu + pλTU , where p denotes the probability of P ∗ > β
and will be derived in closed-form expressions in Section IV. It
is apparent that the TUs operating in D2D mode are distributed
following another PPP Φd, the intensity of which is λd =
(1− p)λTU . We assume an underlay D2D in the UL dense
cellular network model. That is, each D2D transmitter reuses
the same frequency with cellular UEs, which incurs inter-tier
interference from the D2D tier to the cellular tier. However,
there is no intra-cell interference between cellular UEs since
we assume an orthogonal multiple access technique in a BS.

D. BS activation and UE distribution

In practice, a BS will enter an idle mode if there is no UE
connected to it, which reduces the interference to neighboring
UEs as well as the energy consumption of the network. The
set of active BSs should be determined by a user association
strategy (UAS). In this paper, we assume a practical UAS as
in [17], where each UE is connected to the BS having the
maximum average received signal strength. Note that such
BS idle mode operation is not trivial, which even changes
the capacity scaling law [35]. Since UEs are randomly and
uniformly distributed in the network, we assume that the active
BSs also follow an HPPP distribution Φ̃ [36], the density of
which is denoted by λ̃ BSs/km2. Note that λ̃ ≤ λb and λ̃ ≤ λc,
since one UE is served by at most one BS.

From [36], [37], λ̃ is given by

λ̃ = λb

1− 1(
1 + λc

qλb

)q
 , (7)

where according to [37], q depends on the path loss model,
but a good approximation is suggested as q=3.5 [36].

According to [36], the per-BS coverage area size X can be
approximately characterized by a Gamma distribution and the
probability density function (PDF) of X can be expressed as

fX(x) = (qλb)
q
xq−1 exp(−qλbx)

Γ(q)
, (8)

where Γ(·) is the Gamma function [38]. The UE number
per BS is denoted by a random variable (RV) K, and the
probability mass function (PMF) of K can be calculated as

fK (k) = Pr [K = k]

(a)
=

∫ +∞

0

(λcx)
k

k!
exp(−λcx)fX(x)dx

(b)
=

Γ(k + q)

Γ(k + 1)Γ(q)

(
λc

λc + qλb

)k (
qλb

λc + qλb

)q
,(9)

where (a) is due to the HPPP distribution of UEs and (b) is
obtained from (8). Note that fK (k) satisfies the normalization
condition:

∑+∞
k=0 fK (k) = 1. It can be seen from (9) that

K follows a Negative Binomial distribution [38], i.e., K ∼
NB
(
q, λc
λc+qλ

)
.

We assume that a BS with K = 0 is not active. Thus, we
focus on the active BSs and denote the UE number per active
BS by a positive RV K̃. Considering (9), we can conclude
that K̃ follows a truncated Negative Binomial distribution, the
PMF of which is denoted by fK̃

(
k̃
)
, k̃ ∈ {1, 2, . . . ,+∞} and

can be written as

fK̃

(
k̃
)

= Pr
[
K̃ = k̃

]
=

fK

(
k̃
)

1− fK (0)
. (10)

Furthermore, the cumulative mass function (CMF) of K̃ can
be written as

FK̃

(
k̃
)

=
k̃∑
t=1

fK̃ (t) . (11)

E. The Proportional Fair Scheduler

The original operation of the PF scheduler is as follows [31],
• First, the average throughput of each CU is tracked by

an exponential moving average at the BS.
• Second, each CU frequently feeds back its channel state

information (CSI) to its serving BS, so that such BS can
calculate the ratio of the instantaneous achievable rate to
the average throughput for each user, which is defined as
a PF metric for CU selection.

• Finally, the CU with the maximum PF metric will be
selected for UL transmission, which is formulated as

u∗ = arg max
u∈{1,2,...,k̃}

{
R̃u
R̄u

}
, (12)

where u, u∗, R̃u and R̄u denote the CU index, the
selected CU index, the instantaneous achievable rate of
CU u and the average throughput of CU u, respectively.
Note that the distribution of k̃ has been discussed in (10).

From a network performance analysis point of view, it is
very difficult, if not impossible, to analyze the original PF
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scheduler given by (12). This is because that the objective of
a performance analysis is usually to derive the average user
throughput R̄u or aggregate inter-cell interference, but in this
case it is part of the PF metric, i.e., R̃u

R̄u
, and it should be known

and plugged into the CU selection criterion of (12) before the
performance analysis of R̄u is carried out. A widely adopted
approach to tackle this dilemma is to use alternative measures
of CSI in a PF metric, instead of R̃u and R̄u [31], [39], [40],
[41].

Here, we follow the framework developed in [31], where the
authors proposed to use the ratio of the instantaneous signal-to-
noise ratio (SNR) to the average SNR as a PF metric instead of
the original one. More specifically, the CU selection criterion
of the PF scheduler proposed in [31] is given by

u∗ = arg max
u∈{1,2,...,k̃}

{
Z̃u
Z̄u

}
, (13)

where Z̃u and Z̄u denote the instantaneous SNR of CU u
and the average SNR of CU u, respectively. Although this
criterion of (13) is not exactly the same as that of (12), it
captures the essence of the PF scheduler:

• Allowing preference to CUs with relatively good instan-
taneous channels with respect to their average ones since
R̃u is a strictly monotonically increasing function of Z̃u.

• Allocating the same portion of resource to each CU in the
long term to enforce fairness, because the chance of Z̃u ≥
Z̄u is almost the same for all CUs. Since the accuracy and
the practicality of (13) have been well established in [31],
we will focus on studying the PF scheduler characterized
by (13).

F. Performance Metrics

According to [21], we define the coverage probability as
a probability that a receiver’s signal-to-interference-plus-noise
ratio (SINR) is above a pre-designated threshold γ:

PMode (γ, λb, λu, λTU ) = Pr [SINR > γ] , (14)

where γ is the SINR threshold, the subscript string variable
Mode takes the value of ’Cellular’ or ’D2D’. The interference
in this paper consists of the interference from both cellular UEs
and D2D transmitters.

Furthermore, the area spectral efficiency in bps/Hz/km2 can
be formulated as

AASE
Mode (λMode, γ0)

= λMode

∫ ∞
γ0

log2 (1 + x) fX (λMode, γ0) dx, (15)

where γ0 is the minimum working SINR for the considered
network, and fX (λMode, γ0) is the PDF of the SINR observed
at the typical receiver for a particular value of λMode.

For the whole network consisting of both cellular UEs and
D2D UEs, the sum ASE can be written as

AASE = AASE
Cellular +AASE

D2D. (16)

IV. MAIN RESULTS

In this section, the performance of UEs is characterized
in terms of their coverage probability and ASE both for the
cellular tier and the D2D tier. The probability that a TU
operating in the cellular mode is derived in Section IV-A, the
coverage probabilities of cellular UE and D2D UE are derived
in Section IV-B1 and Section IV-B2, respectively.

A. The Probability of UE operating in the cellular mode

In this subsection, we present our results on the percentage
that the TUs to operate in the cellular mode. In the following,
we present our result in Lemma 1, which will be used in the
later analysis of the coverage probability.

Lemma 1. The percentage of a TU to operate in the cellular
mode p is given by

p = 1− exp

−2πλb

∫ (
PBABL

β

)1/αBL

0

pL(r)rdr

+

∫ (
PBABN

β

)1/αBN

0

pNL(r)rdr

 , (17)

the percentage that a TU to operate in the D2D mode is
(1− p).

Proof: See Appendix A.
Note that Eq.(17) explicitly account for the effects of

Rayleigh fading, path loss, transmit power, spatial distribution
of BSs and mode selection threshold β . From the result,
we can see that the HPPP φTU can be divided into two
PPPs: the PPP with intensity pλTU and the PPP with intensity
(1− p)λTU , which representing cellular mode TUs and D2D
mode TUs, respectively. Same as in [7], We assume these two
PPs are independent.
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Figure 1. The probability for a TU to operate in the cellular mode vary the
RSS threshold β , PB = 24dBm

Fig.1 illustrates the probability for a TU to operate in
the cellular mode based on Eq.(17). It can be seen that the
simulation results perfectly match the analytical results. From
Fig.1, we can find that over 50% UEs can operate in the
cellular mode when β is smaller than -57 dBm as the BS
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intensity is 50BS/km2. This value increases by approximately
to -52 dBm and -46 dBm when the BS intensity is 100BS/km2

and 300BS/km2, respectively. It indicates that the percentage
of TU operating in cellular mode will increase as the BS
intensity grows.

B. Coverage probability

In this subsection, we investigate the coverage probability
that a receiver’s signal-to-interference-plus-noise ratio (SINR)
is above a pre-designated threshold γ:

PMode (T, λb,u, αB,D) = Pr [SINR > γ] (18)

where γ is the SINR threshold, the subscript string variable
Mode takes the value of ’Cellular’ or ’D2D’. The SINR can
be calculated as

SINR =
PDζMode (r) y

(
k̃
)

Icellular + Id2d +N0
, (19)

where PD and N0 are the transmission power of each cellular
and D2D UE transmitter and the additive white Gaussian noise
(AWGN) power at each receiver, respectively. Icellular and
Id2d are the cumulative interference given by

Icellular =
∑

i: ci∈Φc\signal

PDβiy
(
k̃
)
i
, (20)

and
Id2d =

∑
j: di∈Φd2d\signal

PDβjy
(
k̃
)
j
, (21)

where ci and dj are the i-th interfering CU and j-th interfering
TU, βi ,βj are the path loss associated with ci and dj ,
respectively. signal is the typical CU to BS link in the cellular
mode and the typical TU to the RU link in the D2D mode.
y
(
k̃
)

is the channel gain on condition of the UE number k̃.

It is very important to note that the distribution of y
(
k̃
)

should be derived according to (13). More specifically, we can
reformulate (13) as

u∗ = arg max
u∈{1,2,...,k̃}

{
PDζB(r)hu

N0

PDζB(r)×1
N0

}
= arg max
u∈{1,2,...,k̃}

{hu} , (22)

where hu is an i.i.d. RV with a unit-mean exponential distri-
bution due to our consideration of Rayleigh fading mentioned
in Subsection III-A. Thus, y

(
k̃
)

can be modeled as the

maximum RV of k̃ i.i.d. exponential RVs. The complementary
cumulative distribution function (CCDF) of y

(
k̃
)

is [42]

F̄Y (k̃) (y) = Pr
[
Y
(
k̃
)
> y
]

= 1− (1− exp (−y))
k̃
. (23)

It is easy to see that Pr
[
Y
(
k̃
)
> y
]

increases as k̃ grows,
which in turn improves the typical UE’s channel gain. Note
that for the round-robin (RR) scheduler, the typical UE is
randomly selected in the BS. Consequently, we have that k̃ = 1
in (23) and the analytical results for RR have been derived
in [34].

1) Coverage probability of cellular mode: Based on the
path loss model in Eq.(1) and the PF scheduler model in (13),
we present our main result on pcov

c (λ, γ) in Theorem 2 and
Theorem 3.

Theorem 2. Considering the path loss model in (1) and the
PF scheduler model in (13), we can derive pcov

c (λ, γ) as

pcov
c (λ, γ) = TL

c + TNL
c , (24)

where

TL
c

=

∫ dn

dn−1

E[k̃]

Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0
> γ

 fL
R,n (r) dr

(25)

and

TNL
c

=

∫ dn

dn−1

E[k̃]

Pr

 PDζ
NL
B (r) y

(
k̃
)

Icellular + Id2d +N0
> γ

 fNL
R,n (r) dr

(26)

where n = {1, 2}, d0 and d2 are defined as 0 and +∞, re-
spectively. Moreover, fL

R,n (r) and fNL
R,n (r) (dn−1 < r ≤ dn),

are represented by

fL
R,n (r) = exp

(
−
∫ r1

0

(
1− PrB

L (u)
)

2πuλbdu

−
∫ r

0

PrB
L (u) 2πuλbdu

)
PrL

B (r) 2πrλb, (27)

and

fNL
R,n (r) = exp

(
−
∫ r2

0

PrL
B (u) 2πuλbdu

−
∫ r

0

(
1− PrL

B (u)
)

2πuλbdu

)(
1− PrL

B (r)
)

2πrλb,

(28)

where r1 = arg
r1

{
ζNL
B (r1) = ζL

B (r)
}

and r2 =

arg
r2

{
ζL
B (r2) = ζNL

B (r)
}

.

Proof: See Appendix B.

Then, we will present the results

of E[k̃]

{
Pr

[
PDζ

L
B(r)y(k̃)

Icellular+Id2d+N0
> γ

]}
and

E[k̃]

{
Pr

[
PDζ

NL
B (r)y(k̃)
Iagg+PN

> γ

]}
in Theorem 3 as follows.

Theorem 3. Considering the truncated Negative Binomial
distribution of the UE number per active BS, K̃, characterized

in (10), we can derive E[k̃]

{
Pr

[
PDζ

L
n(r)y(k̃)

Iagg+PN
> γ

]}
, which
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will be used in Theorem 2 as

E[k̃]

Pr

PDζL
B (r) y

(
k̃
)

Iagg + PN
> γ


=
K̃max∑
k̃=1

1−
k̃∑
t=0

(
k̃
t

)(
−δL (r)

)t
L L
Icellular

(
tγ

PDζL
B (r)

)

L L
Id2d

(
tγ

PDζL
B (r)

)]
fK̃

(
k̃
)
, (29)

where Iagg = Icellular+Id2d, K̃max is a large enough integer
that makes FK̃

(
K̃max

)
in (11) close to one with a gap of

a small value ε so that the expectation value in (19) can be
accurately evaluated over k̃, fK̃

(
k̃
)

is obtained from (10),
δL (r) is expressed by

δL (r) = exp

(
− γN0

PDζL
B (r)

)
, (30)

and L L
Icellular

(s) is the Laplace transform of Icellular for LoS
signal transmission evaluated at s, , which can be further
written as

L L
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r

PrB
L (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ dB

r1

PrB
L (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
(31)

where s = tγ
PDζLB(r)

and L L
Id2d

(s) is the Laplace transform of
Id2d for LoS signal transmission evaluated at s, which can be
further written as

L L
Id2d

(s) = exp

(
−2πλd

∫ dB(
PBABL

β

)1/αBL

× PrL
B (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ dB

r1

PrL
B (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
.

(32)

where s = tγ
PDζLB(r)

In a similar way, E[k̃]

{
Pr

[
PDζ

NL
B (r)y(k̃)
Iagg+PN

> γ

]}
is com-

puted by

E[k̃]

Pr

PDζNL
B (r) y

(
k̃
)

Iagg + PN
> γ


=
K̃max∑
k̃=1

1−
k̃∑
t=0

(
k̃
t

)(
−δNL (r)

)t
× L NL

Iagg

(
tγ

PDζNL
B (r)

)]
fK̃

(
k̃
)
, (33)

where δNL (r) is expressed by

δNL
n (r) = exp

(
− γN0

PζNL
B (r)

)
, (34)

and L NL
Icellular

(s) is the Laplace transform of IIcellular for
NLoS signal transmission evaluated at s, which can be further
written as

L NL
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r2

PrB
L (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ dB

r

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
(35)

where s = tγ
PDζNL

B (r)
and L NL

Id2d
(s) is the Laplace transform

of Id2d for NLoS signal transmission evaluated at s, which
can be further written as

L L
Id2d

(s) = exp

(
−2πλd

∫ dB

r2

PrL
B (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ dB(
PBABN

β

)1/αBN

×
[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
(36)

where s = tγ
PDζNL

B (r)
.

Proof: See Appendix B.

From [17], TL
c and TNL

c are independent of each other.
When the mode selection threshold β increases, we can find
the intensity of D2D transmitter also increases. This will
reduce the coverage probability performance of cellular tier, so
we make pcov

c > δ as a condition to guarantee the performance
for the cellular mode when choosing β for the optimal system
ASE. Although we have obtained the closed-form expressions
of pcov

c (λ, γ) for the PF scheduler in Theorems 2 and 3,
it is important to note that Theorem 3 is computationally
intensive for the case of sparse networks, where the maxi-
mum UE number per active BS K̃max could be very large,



2169-3536 (c) 2018 IEEE. Translations and content mining are permitted for academic research only. Personal use is also permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/ACCESS.2019.2904966, IEEE Access

8

leading to complex computations for L L
Iagg

(
tγ

PζLB(r)

)
and

L NL
Iagg

(
tγ

PζNL
B (r)

)
, t ∈

{
0, 1, . . . , K̃max

}
in (29) and (33),

respectively.
2) Coverage probability of the typical UE in the D2D mode:

From [10], one can see that to derive the coverage probability
of a generic D2D UE, we only need to derive the coverage
probability for a typical D2D receiver UE. Similar to the
analysis in subsection IV-B1, we focus on a typical D2D UE
which is located at the origin o and scheduled to receive data
from another D2D UE. Following Slivnyak’s theorem for PPP,
the coverage probability result derived for the typical D2D UE
also holds for any generic D2D UE located at any location.
In the following, we present the coverage probability for a
typical D2D UE in Theorem 4.

Theorem 4. We focus on a typical D2D RU which is located at
the origin o and scheduled to receive data from another D2D
TU, the probability of coverage pcov

D2D (λ, γ) can be derived
as

pcov
D2D (λ, γ) =

{
TL
D when 0 < l ≤ dD
TNL
D l > dD

, (37)

where

TL,NL
D = exp

(
−2πλ̃

∫ dD

0

PrL
D (u)u

1 +
(
sPDζL

D (u)
)−1 du

)

× exp

(
−2πλ̃

∫ +∞

dD

[
1− PrL

D (u)
]
u

1 +
(
sPDζNL

D (u)
)−1 du

)

× exp

(
−2πλd

∫ dD

0

PrD
L (u)u

1 +
(
sPDζL

D (u)
)−1 du

)

× exp

(
−2πλd

∫ +∞

dD

[
1− PrL

D (u)
]
u

1 +
(
sPDζNL

D (u)
)−1 du

)

× exp

(
− γN0

PDζL
D (l)

)
(38)

where s = γ
PDζLD(l)

when 0 < l ≤ dD and s = γ
PDζNL

D (l)
when

l > dD.

Proof: See Appendix C.

V. SIMULATION AND DISCUSSION

In this section, we use numerical results to validate our
results and analyze the performance of the D2D-enabled
UL cellular network. To this end, we present the simulation
parameters, the validation of Theorem 2 and 3 on the coverage
probability, the performance impact of the mode selection
threshold and the proportional fair scheduler on the cover-
age probability, the results of the area spectral efficiency in
Section V-A, V-B, V-D, V-C, respectively.

A. Simulation setup

According to the 3GPP Long Term Evolution (LTE) speci-
fications [43], we set the system bandwidth to 10MHz, carrier
frequency fc to 2GHz. The transmit power of each BS and
each D2D transmitter are set to PB = 24 dBm and PD =
24 dBm, respectively. Moreover, the threshold for selecting

Table I
SIMULATION PARAMETERS

Parameters Values Parameters Values
BW 10MHz fc 2GHz
λu 300 UEs/km2 N0 -95 dBm
αBL 2.09 ABL 10−4.11

αBN 3.75 ABN 10−3.29

αDL 2 ADL 10−3.845

αDN 4 ADN 10−5.578

Pb 24 dBm Pd 24 dBm
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Figure 2. The Coverage Probability pcovc (λ, γ) vs. SINR threshold (λb =
100BSs/km2, λu = 300UEs/km2, λTU = 150UEs/km2 ).

cellular mode communication is β = −80 ∼ −30dBm. The
noise powers are set to −95 dBm (including a noise figure of
9 dB at the receivers). Besides, the CU density λu is set to
300 UEs/km2, which leads to q = 4.05 in (7) and (8) [37].
The simulation parameters are summarized in Table I.

B. Validation of Theorem 2 and 3 on the Coverage Probability

1) Validation of on the Coverage Probability for Cellular
tier: In this subsection, we present Monte Carlo simulation
results to investigate the coverage probability and validate the
analytical results in Theorem 2.

In Fig. 2, we plot the results of the coverage probability of
cellular tier , we can draw the following observations:
• The analytical results of the coverage probability from

Eq.(24) match well with the simulation results, which
validates our analysis and shows that the adopted model
accurately captures the features of the cellular tier in
D2D-enhanced cellular networks.

• The coverage probability decreases with the increase
of SINR threshold because a higher SINR requirement
makes it more difficult to satisfy the coverage criterion
in Eq.(18).

• For cellular tier, the coverage probability decreases as
the interference management threshold beta increases
because the larger beta, the more TU will operate in D2D
mode and generate more interference to the cellular tier.

2) Validation of on the Coverage Probability for D2D
tier: In this subsection, we present Monte Carlo simulation
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Figure 3. The Coverage Probability of D2D tier vs. SINR threshold (λb =
100BSs/km2, λu = 300UEs/km2, λTU = 150UEs/km2 ).

results to investigate the coverage probability and validate the
analytical results in Theorem 3, we set the distance l is 30m.

In Fig. 3, we plot the results of the coverage probability of
the D2D tier, we can draw the following observations:
• The analytical results of the coverage probability from

Eq.(37) match well with the simulation results, which
validates our analysis and shows that the adopted model
accurately captures the features of the D2D tier in D2D-
enhanced cellular networks.

• For D2D tier, the coverage probability decreases as the in-
terference management threshold beta increases because
the larger beta, the more TU will operate in D2D mode
and generate more interference to the D2D tier as well.

C. The Performance Impact of Proportional Fair Scheduler
on the Coverage Probability

In this subsection, we consider the proportional fair sched-
uler to investigate the performance impact of the proportional
fair scheduler on the coverage probability.
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Figure 4. The Coverage Probability pcov (λ, γ) vs. BS density (γ0 = 0 dB,
λu = 300UEs/km2, λTU = 150UEs/km2, β=50dBm).

To fully study the coverage probability with respect to the
BS density with or without the PF scheduler, the results of
coverage probability with various BS density and γ0=0 dB are

plotted in Fig 4. From this figure, we can draw the following
observations:
• As predicted in Theorem 2, although the PF scheduler

shows a better performance than the RR one for all
BS densities, such performance gain diminishes as the
network evolves into an UDN due to the loss of multi-user
diversity. As can be seen from Fig. 4, the performance
gain of the PF scheduler continuously decreases from
around 100 % (ratio=2) when λ = 1 BSs/km2 toward zero
(ratio=1) in UDNs, e.g., λ = 103 BSs/km2.

• The detailed explanation of the performance behavior in
Fig. 4 is provided as follows:

– When λ ∈
[
100, 101

]
BSs/km2, the network is noise-

limited, and thus the coverage probabilities of both
RR and PF increase with the BS density λ as the
network is lightened up with more BSs.

– When λ ∈
[
101, 102

]
BSs/km2, the increase rate

of pcov (λ, γ) of the PF scheduler decrease. This is
because (i) the signal power is enhanced by LoS
transmissions, as shown by the pcov (λ, γ) of the
RR scheduler in that BS density region; while (ii)
the multi-user diversity decreases in that BS density
region as exhibited in Fig. 4; and (iii) the above two
factors roughly cancel each other out.

– When λ > 102 BSs/km2, the coverage probabilities
of both RR and PF continuously increase. Such
performance behavior can be attributed to the BS idle
mode operations, i.e., (i) the signal power continues
increasing with the network densification, and (ii) the
interference power is controlled because not all BSs
are turned on and emit interference.

D. The Performance Impact of Mode Selection Threshold on
the ASE

In this subsection, we investigate the performance impact of
mode selection threshold on the ASE and we find there exists
an optimal beta that can achieve the maximum ASE of the
D2D-enabled cellular network.
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Figure 5. The ASE AASE (λ, γ0) vs. β (λb = 100BSs/km2,γ0 = 0 dB,
λu = 300UEs/km2, λTu = 150UEs/km2 ).

The analytical results of ASE with γ0=0 dB vs various
β values are shown in Eq.(15). Fig.5 illustrates the ASEs
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of Cellular links, D2D links and of the whole network with
respect to different mode selection thresholds β . From this
figure we can draw the following observations:
• When β ∈ [−55dBm,−46dBm], the total ASE increases

as the D2D links increases, because the D2D links do not
generate a lot of interference to the cellular tier.

• An optimal β around −46 dBm which can achieve the
maximum ASE there is a tradeoff between ASE increase
for D2D links and ASE reduction for cellular links.

• When β ∈ [−46dBm,−36dBm], the total ASE de-
creases because the D2D links generate more interference
which makes the coverage probability of cellular UEs
suffer. The ASE and the coverage probability of cellular
links also decrease because the aggregate interference is
now mostly LoS interference.

• When β ∈ [−36dBm,−30dBm], the total ASE stay
stable as well as the D2D ASE because the percentage of
D2D UE is approaching 100%, which has been analyzed
in Eq.(17).

From Fig.1, we can see that the additional D2D links make a
significant contribution to the ASE performance and the D2D
links will increase as β increase for all different densities of
BS. At first, D2D links will enhance the ASE performance
but they do not generate a lot of interference to the cellular
tier. Then the increase of D2D transmitter will generate more
interference which makes the coverage probability of cellular
UEs suffer. The optimal β can be found in this stage for
different densities of BS. At last stay stable as well as the
D2D ASE because the percentage of D2D UE is approaching
100%. Above all, there exists an optimal β that can achieve
the maximum ASE of the D2D-enabled cellular network while
the coverage probability in the cellular tier is guaranteed. The
mode selection threshold can control the interference from
both cellular tier and D2D tier. In addition, the D2D tier can
nearly double the ASE for the network when appropriately
choosing the threshold for mode selection.

VI. CONCLUSION

In this paper, we proposed an interference management
method in a D2D-enhanced uplink cellular network. In par-
ticular, each UE selects its operation mode based on its
downlink received power and a threshold β. With consider-
ing the PF scheduler, we studied the network performance
of both the cellular tier and D2D tier. Using a stochastic
geometric approach, analytical results that are computationally
efficient have been derived for both the cellular tier and D2D
tier. Our results showed that the interference management
method mitigates large interference from D2D transmitter to
the cellular network and the PF scheduler can improve the
network performance significantly when the BS density is
smaller than 10−3BSs/km2. Moreover, we concluded that D2D
tier can improve the network performance when the threshold
parameter is appropriately chosen and there exists an optimal β
to achieve the maximum ASE while guaranteeing the coverage
probability performance of the cellular network.

As our future work, we will consider other factors of
realistic networks in the theoretical analysis for SCNs, such

as practical directional antennas [2] and non-PPP deployments
of BSs [44].

APPENDIX A:PROOF OF LEMMA 1

The probability that the RSS is larger than the threshold is
given by

P = Pr

[
max
b
{P rx

b } > β

]
, (39)

where we use the standard power loss propagation model with
a path loss exponent αBL (for LoS UE-BS links) and αBN
(for NLoS UE-BS links).The probability that a generic mobile
UE operates in the cellular mode:

q = 1− Pr

[
max

b
{P rx

b } ≤ β
]

= 1− Pr [max {P rxLoS} ≤ β ∩max {P rxNLoS} ≤ β]

= 1− Pr

[
minRBL ≥

(
PBABL

β

)1/αBL

∩ minRBN ≥
(
PBABN

β

)1/αBN
]

= 1− Pr

[
no nodes within

(
PBABL

β

)1/αBL

∩ no nodes within
(
PBABN

β

)1/αBN
]

=1− exp

−πλb ∫
(
PBABL

β

) 1
αBL

0

PrB
Lrdr


× exp

−πλb ∫
(
PBABN

β

) 1
αBN

0

PrB
NLrdr

 , (40)

which concludes our proof.

APPENDIX B:PROOF OF THEOREM AND THEOREM 3

By invoking the law of total probability, the coverage
probability of cellular links can be divided into two parts, i.e.,
TL
c +TNL

c , which denotes the conditional coverage probability
given that the typical CU is associated with a BS in LoS and
NLoS, respectively. First, we derive the coverage probability
for LoS link cellular tier. Conditioned on the strongest BS
being at a distance r from the typical CU, probability of
coverage is given by

TL
c = Pr

[
SINRL > γ |LOS

]
= Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0
> γ |LOS


=

∫ dn

dn−1

E[k̃]

Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0
> γ

 fL
R,n (r) dr

(41)
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where n = {1, 2}. d0 and d2 are defined as 0 and +∞,
respectively.

E[k̃]

Pr

 PDζ
L
B (r) y

(
k̃
)

Icellular + Id2d +N0
> γ


=E[k̃]

{
Pr

[
y
(
k̃
)
> γ

(
Icellular + Id2d +N0

PDζL
B (r)

)]}
=E[k̃]

{
1−

[
1− exp

(
−γ
(
Icellular + Id2d +N0

PDζL
B (r)

))]k̃}

=
K̃max∑
k̃=1

1−
k̃∑
t=0

(
k̃
t

)
(−1)

t

× exp

(
−tγ

(
Icellular + Id2d +N0

PDζL
B (r)

))]
fK̃

(
k̃
)

=
K̃max∑
k̃=1

1−
k̃∑
t=0

(
k̃
t

)
(−1)

t
exp

(
−tγ

(
N0

PDζL
B (r)

))

×L L
Icellular

(
tγ

PDζL
B (r)

)
L L
Id2d

(
tγ

PDζL
B (r)

)]
fK̃

(
k̃
)

=
K̃max∑
k̃=1

1−
k̃∑
t=0

(
k̃
t

)(
−δL (r)

)t
× L L

Icellular

(
tγ

PDζL
B (r)

)
L L
Id2d

(
tγ

PDζL
B (r)

)]
fK̃

(
k̃
)

(42)

where δL (r) is expressed by

δL (r) = exp

(
− γN0

PDζL
B (r)

)
, (43)

and L L
Icellular

(s) is the Laplace transform of Icellular for LoS
signal transmission evaluated at s, which can be further written
as

L L
Icellular

(s) = exp

(
−2πλ̃

∫ dB

r

PrB
L (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ dB

r1

PrB
L (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλ̃

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
(44)

and L L
Id2d

(s) is the Laplace transform of Id2d for LoS signal
transmission evaluated at s, which can be further written as

L L
Id2d

(s) = exp (−2πλd

×
∫ dB(

PBABL
β

)1/αBL

PrL
B (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ dB

r1

PrL
B (u)u

1 +
(
sPDζL

B (u)
)−1 du

)

× exp

(
−2πλd

∫ +∞

dB

[
1− PrB

L (u)
]
u

1 +
(
sPDζNL

B (u)
)−1 du

)
. (45)

The logic of the calculation of TNL
c is similar to that of TL

c .
Which concludes our proof.

APPENDIX C: PROOF OF THEOREM 4

The typical D2D receiver has a distance of l to an active
D2D transmitter. The coverage probability can be written as

TL
D = Pr

[
SINRL > γ |LOS

]
= Pr

[
PDζ

L
D (l)h

Icellular + Id2d +N0
> γ |LOS

]
=E[Iagg ]

[
Pr

[
h >

γ (Icellular + Id2d +N0)

PDζL
D (l)

|LOS, Iagg

]]
=E[Iagg ]

{
exp

[
−γ (Icellular + Id2d +N0)

PDζL
D (l)

]}
= exp

(
−2πλ̃

∫ dD

0

PrD
L (u)u

1 +
(
sPDζL

D (u)
)−1 du

)

× exp

(
−2πλ̃

∫ +∞

dD

[
1− PrD

L (u)
]
u

1 +
(
sPDζNL

D (u)
)−1 du

)

× exp

(
−2πλd

∫ dD

0

PrD
L (u)u

1 +
(
sPDζL

D (u)
)−1 du

)

× exp

(
−2πλd

∫ +∞

dD

[
1− PrD

L (u)
]
u

1 +
(
sPDζNL

D (u)
)−1 du

)

× exp

(
− γN0

PDζL
D (l)

)
(46)

where s = γ
PDζLD(l)

. The logic of the calculation of TNL
D is

similar to that of TL
D. Which concludes our proof.
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