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Abstract— Very recent studies showed that the area spectral
efficiency (ASE) of downlink cellular networks will continuously
decrease and finally crash to zero as the base station (BS)
density increases toward infinity if the absolute height difference
between BS antenna and user equipment antenna is larger than
zero. Such a phenomenon is referred to as the ASE crash.
We revisit this issue by considering optimizing the BS antenna
downtilt in cellular networks. It is common to adjust antenna
pattern to tune the direction of the vertical beamforming and
thus increasing received signal power and/or reducing inter-cell
interference power to improve network performance. This paper
focuses on investigating the relationship between the BS antenna
downtilt and the downlink network performance in terms of
the coverage probability and the ASE. Our results reveal an
interesting find that there exists an optimal antenna downtilt to
achieve the maximum coverage probability for each BS density.
Numerically solvable expressions are derived for such optimal
antenna downtilt, which is a function of the BS density. Our
numerical results show that after applying the optimal antenna
downtilt, the network performance can be significantly improved,
and hence the ASE crash can be delayed by nearly one order
of magnitude in terms of the BS density. Our results also give
guidance on setting the optimum downtilt angle to maximize
network performance given a fixed BS density.

Index Terms— Antenna downtilt, small cell network (SCN),
coverage probability, area spectral efficiency (ASE), stochastic
geometry.

I. INTRODUCTION

IT HAS been widely acknowledged that wireless net-
works continue to face significant challenges and
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opportunities [1]. In the first decade of 2000, network densifi-
cation continued to underpin the capacity increases in the 3rd
Generation Partnership Project (3GPP) 4th-generation (4G)
Long Term Evolution (LTE) networks, and is expected to
remain as one of the main forces to drive the 5th-generation
(5G) networks onward [2]. Various emerging technologies
have been developed in this context, such as small cell
networks (SCNs), cognitive radio, massive MIMO, etc [3].
In particular, in the past few years, a few noteworthy studies
have been carried out to revisit the performance analyses for
cellular networks under more practical propagation models.
In [4], the authors considered a multi-slope piece-wise path
loss function, while in [5], the authors investigated line-
of-sight (LoS) and non-line-of-sight (NLoS) transmission as
a probabilistic event for a millimeter wave communication
scenario. The most important finding in these two works is
that the per-BS coverage probability performance starts to
decrease when the base station (BS) density is sufficiently
large. Fortunately, such a decrease of the coverage probability
will not change the monotonic increase of the area spectral
efficiency (ASE) as the BS density increases [4], [5]. However,
in very recent works, the authors in [6]–[8] found that the ASE
performance will continuously decrease toward zero with the
network densification for SCNs when the absolute antenna
height difference between a base station and a user equipment
(UE) is larger than zero, which is referred to as the ASE
Crash [6]–[8].

Having a closer look at the problem, we realize that in a
three-dimensional (3D) channel model, the antenna patterns
may increase the received signal and at the same time reduce
inter-cell interference [9]. In particular, horizontal beamform-
ing is a signal processing method that generates directional
antenna beam patterns using multiple antennas at the trans-
mitter. It is possible to steer the transmitted signal toward
the desired direction and, at the same time, avoid receiving
the unwanted signals from undesired directions [10]. The
benefits of horizontal beamforming in cellular networks are
well-understood and such technology has already been adopted
in the LTE networks, e.g., the macro BSs. However, vertical
beamforming (based on an antenna downtilt) receives much
less attention. Recent studies have made some initial efforts
that shed new light on adjusting antenna downtilt to improve
the performance of cellular networks [11]–[13], but most of
these studies were solely based on computer simulations.

In this paper, we investigate the impact of the antenna
pattern and downtilt on the performance of the downlink (DL)
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cellular networks, in terms of the coverage probability and
the area spectral efficiency. We also derive the analytical
expressions for the optimal antenna downtilt that can achieve
the best coverage probability of the network given a certain
BS density.

Compared with the existing works, the main contributions
of this paper are:

• Based on the 3D antenna pattern model which includes
horizontal and vertical antenna patterns, possibly with
sectorization. We analytically investigate the relationship
between the antenna downtilt and the cellular network
performance in terms of the coverage probability and the
ASE. Our results reveal an interesting finding that there
exists a unique optimal antenna downtilt that strikes a
balance between increasing the received signal power and
reducing the interference power to achieve the maximum
coverage probability for a certain BS density.

• We study and analyze the optimal antenna downtilt for a
certain BS density with considering the 3D antenna pat-
tern model which includes horizontal and vertical antenna
patterns. As a consequence, we derive numerically solv-
able expressions for the optimal antenna downtilt for a
certain BS density, which including three components,
namely the LoS links, the NLoS links, and the noise,
contributing to the optimal antenna downtilt.

• Our theoretical and numerical results demonstrate that
the performance of the cellular network can be improved
significantly using the optimal antenna downtilt. In par-
ticular, applying the optimal antenna downtilt can delay
the ASE crash by nearly one order of magnitude in terms
of the base station density. Using the derived expressions
and the simulation results, network operators optimally
select determine the antenna downtilt of BSs to maximize
the system throughput for a given the base station density.

The rest of this paper is structured as follows. Section II
provides a brief review of the related work. Section III
describes the system model of the 3D cellular network.
Section IV presents our theoretical results on the coverage
probability, the optimal antenna downtilt and the simplified
results for 3GPP special cases. Numerical results are discussed
in Section V, with remarks shedding new light on the relevance
of our results in guiding the network deployment. Finally,
conclusions are drawn in Section VI.

II. RELATED WORK

Stochastic geometry has been widely used to analyze the
network performance [14], [15]. Andrews et al. [14] and
Novlan et al. [15] conducted network performance analyses
for the downlink (DL) and the uplink (UL) of SCNs, in which
user equipment (UEs) and/or base stations (BSs) were assumed
to be randomly deployed according to a homogeneous Poisson
point process (HPPP). Furthermore, a stochastic model of the
3D environment was used to evaluate the network perfor-
mance [6], [16]–[18]. Ding and López-Pérez [6] presented a
new finding that if the absolute height difference between BS
antenna and UE antenna is larger than zero, then the ASE per-
formance will continuously decrease toward zero with the net-
work densification for SCNs. In [18], the authors investigated

the performance of the small cell networks with considering
the anisotropic path loss fading in wireless channels.

The benefits of horizontal beamforming in cellular networks
are well-understood. The authors in [19] considered the sec-
torized antennas in the analysis and investigated the perfor-
mance of the network. The authors in [5] also incorporated
directional beamforming by modeling the beamforming gains
as marks of the base station PPPs. On the other hand, many
researchers have realized that a practical antenna can target
its antenna beam towards a given direction via downtilt in
the vertical domain, which may be exploited to improve the
network performance [9], [20]–[23]. For example, the authors
in [9] found via an empirical study that the antenna downtilt
could bring a significant improvement to the cellular network
capacity. In [20], the authors showed that vertical beamforming
could increase the SIR by about 5-10 dB for a set of UE
locations. Seifi et al. [21] investigated the performance impact
of using antenna downtilt in traditional hexagonal 3D cellular
networks. In [22], the author first time investigate the impact
of the antenna downtilt on the coverage probability and shows
the optimal antenna downtilt for two specific BS densities
by simulations. In [23], the author first investigated the joint
beamforming and tilt angle optimization which maximizes
the total energy efficiency in downlink transmission multi-cell
cellular network. However, most of the works investigated the
impact of the antenna downtilt using field trials or simulations.
To the best of our knowledge, none of the existing works
have analytically studied the impact of the antenna downtilt
of BSs on the cellular network performance and the empirical
approach in these studies limits extension of their finding to
more general scenarios.

In this work, we will investigate the impact of the antenna
pattern and downtilt on the performance of the downlink (DL)
cellular networks with a focus on analytically studying for
the optimal antenna downtilt to achieve the best coverage
probability of the network for a given and fixed BS density.
It is important to note that our study can also be applied to
drone networks flying at a certain altitude [24].

III. SYSTEM MODEL

In this section, we will first explain the scenario of the 3D
random cellular network. Then, we will present the antenna
patterns and user association scheme considered in this work.

A. Scenario Description

We consider a 3D random cellular network with downlink
(DL) transmissions, where BSs are deployed on a plane
according to an HPPP Φb of intensity λB BSs/km2. UEs
are also Poissonly distributed in the considered area with an
intensity of λUE UEs/km2. Fig.1 shows an illustration of the
considered network. In this model, BSs transmit at a power
PB , a UE can reliably communicate with a BS only when
its downlink signal-to-interference-plus-noise ratio (SINR) is
greater than γ. For each base station, we consider there are S
sectors. We only consider one antenna in each sector and only
the main lobe beamforming gain is considered, the beamform-
ing includes the the horizontal and vertical antenna beamform-
ing gain. In the same BS tower, the horizontal angle between
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Fig. 1. An illustration of the network with randomly deployed BSs (For
example, S = 3).

the main beams of two adjacent sectors is set to 360
S degrees.

The orientations of the sectors are randomly and uniformly
distributed in [0, 2π). For example, for LTE macrocell BSs,
S = 3 and the horizontal angle between two adjacent sectors
in the same BS tower is 120 degrees. Each sector has the
vertical antenna pattern, we denote the horizontal direction as
0 degree. Hence, the vertical antenna downtilt angle and the
angle from the BS antenna to the UE antenna by θtilt and θ,
respectively, as shown in Fig.1b.

Without loss of generality, we conduct analysis and simula-
tion on a typical mobile user located at the origin, similar to
[5], [25], and [26]. Note that λUE is assumed to be sufficiently
larger than λB so that each BS has at least one associated
UE in its coverage [14], [27], [28]. The two-dimensional
(2D) distance between an arbitrary BS and an arbitrary UE
is denoted by r. Moreover, the absolute antenna height differ-
ence between a BS and a UE is denoted by L. Note that
the value of L is in the order of several meters. Hence,
the 3D distance w between a BS and a UE can be expressed
as

w =
√

r2 + L2, (1)

where L = H − h and H is the antenna height of BS and h
is the antenna height of UE. Intuitively, the antenna height of
BS should decrease as the network becomes dense, however,
there is no consensus on how H should decrease with an
increase in λB . In this work, we assume that H , and thus
L, are constants. For the current 4G networks, parameter L
is around 8.5m because the picocell BS antenna height and
the UE antenna height are assumed to be 10m and 1.5m,
respectively [11].

B. Path Loss Model

The path loss function ζ(w) is segmented into N pieces with
each piece denoted by ζn(w) [29]. Besides, ζL

n(w), ζNL
n (w) and

PrLn(w) are the n-th piece of the path loss function for the LoS
transmission, the n-th piece of the path loss function for the
NLoS transmission, and the n-th piece of the LoS probability

function, respectively. It can be written as

ζ(w)

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ζ1(w) =

{
ζL
1 (w), with probability PrL

1(w)
ζNL
1 (w), with probability

(
1 − PrL

1(w)
)

ζ2(w) =

{
ζL
2 (w), with probability PrL

2(w)
ζNL
2 (w), with probability

(
1 − PrL

2(w)
)

...

ζn(w) =

{
ζL
n(w), with probability PrLn(w)

ζNL
n (w), with probability

(
1 − PrLn(w)

)
.

(2)

Each piece ζn(w), n ∈ {1, 2, . . . , N} is modeled as

ζn(w)

=

{
ζL
n(w)=ALw−αL

n , LoS Probability: PrLn(w)
ζNL
n (w)=ANLw−αNL

n , NLoS Probability: 1 − PrLn(w),
(3)

where AL and ANL are the path losses at a reference distance
w = 1 for the LoS and the NLoS cases, respectively. αL

n

and αNL
n are the path loss exponents for the LoS and the

NLoS cases, respectively. In practice, AL, ANL, αL
n and

αNL
n are constants obtainable from field tests and continuity

constraints [30]. The LoS probability can be computed by the
following piecewise function modeled as [7],

PrL(w) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

PrL
1(w), L < w ≤ d1

PrL
2(w), d1 < w < d2

...
...

PrLn(w), w > dn−1,

(4)

which means the link from the typical UE to the typical BS
has a LoS path or a NLoS path with probability PrL(w) and
1 − PrL(w), respectively, n ∈ {1, 2, · · · , N}.

C. 3D Antenna Patterns

3D antenna patterns are introduced in this subsection.
According to [2] and the 3GPP [11], UE antenna pattern is
assumed to be isotropic and the 3D antenna gain of each sector
antenna in the BS can be approximated in dBi as

G(ϕb,i, θb, θtilt)dBi = Gh(ϕb,i) + Gv(θb, θtilt) + Gm, (5)

where Gh(ϕb,i) and Gv(θb, θtilt) are the normalized horizontal
and vertical antenna gain from the i-th sector of the BS at point
b to the typical UE in dBi, respectively. Gm is the maximum
antenna gain. The 3D pattern is assumed to be fixed, i.e., no
adaptive beamforming is employed. The parameter ϕb,i is the
horizontal angle relative the main lobe beam pointing direction
from the i-th (i ∈ 1, 2, 3, . . . , S) sector of the BS at point b to
the typical UE, i.e., horizontal departure angles for one BS-
to-UE link. For the BS to UE link, there are S horizontal
departure angles for the S sectors’ antennas, we sort such
angles in an ascending order and denote them as ϕb,1 ≤ . . . ≤
ϕb,S , where b is point in the map which represent the BS
location. An example is shown in Fig.1a. As we denote the
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horizontal direction as 0 degree, θtilt is the downtilt angle of
the BS antennas, and 0 ≤ θtilt ≤ 90 degrees is the negative
elevation angle relative the horizontal plane (i.e., θtilt = 0
is along the horizontal plane, and θtilt ≥ 0 is downwards).
θb = arctan

(
L
rb

)
is the angle between the horizontal direction

and the direction from the BS at point b to the typical UE.
Parameter rb is the distance from the BS at point b to the
typical UE.

D. User Association and Performance Metrics

In this paper, we assume a practical user association strategy
(UAS) that each UE connects to the sector of the BS with the
strongest average received power strength P ∗ [5], [7] which
can be written as

P ∗ = max
Φb

{PBG(ϕb,i, θb, θtilt)ζb (db)} (6)

where G(ϕb,i, θb, θtilt) = 10
1
10 G(ϕb,i,θb,θtilt)

dBi

, db is the
distance from the BS at point b to the typical UE. PB and
ζb (db) are the transmission power of BS and the path loss
from the BS at the point b to the typical UE, respectively.

Based on the above definitions, when the user associates
with the sector of the macrocell BS at point X̄ , we define the
coverage probability as a probability that a receiver’s signal-to-
interference-plus-noise ratio (SINR) is above a pre-designated
threshold γ:

pcov (λB, γ) = Pr [SINR > γ] , (7)

where the SINR is calculated as

SINR =
PBG(ϕb̄,1, θb, θtilt)ζb̄ (r) g

Iagg + N0
, (8)

where g is the channel gain of Rayleigh fading, which is
modeled as an exponential random variable (RV) with a mean
of one. Parameter r is the distance from the associated BS at
point b̄ to the typical UE. Parameter N0 is the additive white
Gaussian noise (AWGN) power at each UE. Parameter Iagg is
the cumulative interference given by

Iagg =
S∑

i=2

PBG(ϕb̄,i, θb̄, θtilt)ζb̄ (r) gb̄

+
∑

b∈Φb/b̄

S∑

i=1

PBG(ϕb,i, θb, θtilt)ζb (db) gb. (9)

where db is the distance from the BS at point b to the typical
UE. The symbol ζb (db) is the path loss function from the BS at
point b to the typical UE. The first term of Eq.(9) represents the
intra-cell inter-sector interference while the second represents
the inter-cell interference.

Similar to [7] and [28], the area spectral efficiency in
bps/Hz/km2 can be formulated as

AASE (λB , γ0) = λB

∫ ∞

γ0

log2 (1 + x) fX (λB, γ0) dx, (10)

where γ0 is the minimum working SINR for the considered
network, and fX (λB, γ0) is the probability density function
(PDF) of the SINR observed at the typical receiver for a
particular value of λB .

IV. MAIN RESULTS

Using the 3D model and the stochastic geometry theory,
we study the performance of the cellular network and derive
the optimal antenna downtilt for each certain base station den-
sity in this section. Without any loss of generality, we assume
that the mobile user under consideration is located at the
origin.

A. The Coverage Probability

Based on the path loss model in Eq.(2) and the adopted
UAS, our results of pcov (λB , γ) can be summarized in
Theorem 1.

Theorem 1: Considering the path loss model in Eq.(2) and
the presented UAS, the probability of coverage pcov (λB, γ)
can be derived as

pcov (λB, γ) =
N∑

n=1

(
T L

n + T NL
n

)
(11)

where

T L
n =

∫ π
S

0

∫ √
d2

n−L2

√
d2

n−1−L2

×Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζL

b̄
(w)gb̄

Iagg + N0
> γ

∣
∣
∣∣
∣
w, ϕb̄,1

]

× fL
R,n (r) f (ϕ) drdϕ (12)

which represent the signal is in the n-th piece of path loss
function for the LoS transmission,

T NL
n =

∫ π
S

0

∫ √
d2

n−L2

√
d2

n−1−L2

×Pr

[
PBG(ϕb̄,1, θb̄,, θtilt)ζNL

b̄
(w)gb̄

Iagg + N0
> γ

∣
∣
∣∣
∣
w, ϕb̄,1

]

× fNL
R,n (r) f (ϕ) drdϕ (13)

which represent the signal is in the n-th piece of path loss
function for the NLoS transmission. Iagg is the aggregation
interference from the LoS path and NLoS path. f (ϕ) is the
distribution of the smallest horizontal angle from the signal
BS to the typical UE. Based on the assumptions in the system
model, the angle ϕ is uniformly distributed in

[
0, π

S

]
, so

f (ϕ) = S
π when 0 < ϕ < π

S . Where fL
R,n (r) and fNL

R,n (r)
are the distance distribution of the n-piece signal link when
the link is LoS and NLoS, which can be written as

fL
R,n (r) = exp

(
-
∫ r2

0

PrLn(u)2πuλBdu

)

× exp
(

-
∫ r1

0

(
1 − PrLn(u)

)
2πuλBdu

)

× exp
(

-
∫ r

0

PrLn(u)2πuλBdu

)

×PrLn(u)2πuλB, (14)

fNL
R,n (r) = exp

(
-
∫ r4

0

PrLn(u)2πuλBdu

)

× exp
(

-
∫ r3

0

(
1 − PrLn(u)

)
2πuλBdu

)
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× exp
(

-
∫ r

0

(
1 − PrLn(u)

)
2πuλBdu

)

× (1 − PrLn(u)
)
2πuλB (15)

where r{1,2,3,4} are given implicitly by the following equations
as

r2
1 =

(
G(ϕb̄,1, θb̄, θtilt)AL

G(ϕb1,1, θb1 , θtilt)ANL

)− 2
αNL (

r2 + L2
) αL

αNL (16)

and

r2
2 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb2,1, θb2 , θtilt)

)− 2
αL (

r2 + L2
)

(17)

and

r2
3 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb3,1, θb3 , θtilt)

)− 2
αNL (

r2 + L2
)

(18)

and

r2
4 =

(
G(ϕb̄,1, θb̄, θtilt)ANL

G(ϕb4,1, θb4 , θtilt)AL

)− 2
αL (

r2 + L2
)αNL

αL , (19)

Pr
[

PBG(ϕb̄,1,θb̄,θtilt)ζ
L
b̄

(w)gb̄

Ir+N0
> γ

∣
∣∣w, ϕb̄,1

]
and

Pr
[

PBG(ϕb̄,1,θb̄,θtilt)ζ
NL
b̄

(w)gb̄

Ir+N0
> γ

∣
∣
∣w, ϕb̄,1

]
can be

respectively computed by

Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζL

b̄
(w)gb̄

Ir + N0
> γ

∣
∣∣
∣
∣
w, ϕb̄,1

]

= exp

⎛

⎝− γN0

PBG(ϕb̄,1, θb̄, θtilt)AL (r2 + L2)−
αL
2

⎞

⎠

×LIagg

⎛

⎝ γ

PBG(ϕb̄,1, θb̄, θtilt)AL (r2 + L2)−
αL
2

⎞

⎠ (20)

and

Pr

[
PBG(ϕb̄,1, θb̄, θtilt)ζNL

b̄
(w)gb̄

Ir + N0
> γ

∣
∣∣
∣
∣
w, ϕb̄,1

]

= exp

⎛

⎝− γN0

PBG(ϕb̄,1, θb̄, θtilt)ANL (r2 + L2)−
αNL

2

⎞

⎠

×LIagg

⎛

⎝ γ

PBG(ϕb̄,1, θb̄, θtilt)ANL (r2 + L2)−
αNL

2

⎞

⎠. (21)

where LIagg

(
γ

PBG(ϕb̄,1,θb̄,θtilt)ALw−αL

)
and

LIagg

(
γ

PBG(ϕb̄,1,θb̄,θtilt)ANLw−αNL

)
are the Laplace

transform of Iagg evaluated at s and Iagg is the aggregation
interference at the typical UE.

Proof: See Appendix A.

B. The Optimal Antenna Downtilt

In order to get the optimal antenna downtilt to maximize the
coverage probability, we take the derivative of the coverage
probability and find the optimal point for each BS density.
In this subsection, we first present Lemma 2 to show that
there always exists a unique solution of the optimal antenna
downtilt, and then we present the solution of the optimal
antenna downtilt for a given BS density.

Lemma 2: For a typical UE, the coverage probability is a
function of the antenna downtilt and there is a unique solution
of the antenna downtilt to achieve the maximum coverage
probability for a certain BS density.

Proof: The coverage probability can be written as follows,

pcov (λB, γ)

=
∫ π

S

0

∫ ∞

0

Pr
[

PBG(ϕb̄,1 , θb , θtilt )ζ (r) g
Iagg + N0

> γ

∣
∣
∣∣ r
]

× fR (r) f (ϕ) drdϕ

=
∫ π

S

0

∫ ∞

0

Pr
[
g >

γ (Iagg + N0)
PBG(ϕb̄,1, θb, θtilt)ζ (r)

∣
∣
∣
∣ r
]

× fR (r) f (ϕ) drdϕ

=
∫ ∞

0

Esignal,I

[
exp

(
− γ (Iagg + N0)

PBG(ϕb̄,1, θr, θtilt)ζ (r)

)∣∣∣
∣ r
]

× fR (r) dr (22)

where ‘signal’ means the average signal power for a typical
UE, ζ (r) is the path loss function.

From this equation, we can see that as long as the average
SINR has one and only one maximum value, then the coverage
probability also has one and only one maximum value. For a
typical UE, the signal and cumulative interference expressions
have been shown in Eq.(6) and Eq.(9), both the signal and
interference power change with G(ϕb,i, θb, θtilt). In particular,
G(ϕb,i, θb, θtilt) changes with the antenna downtilt and it
achieves the maximum value when θtilt = θb = arctan

(
L
d

)
,

where L is the height difference and d is the distance from
transmitter to the receiver. Based on the antenna pattern model,
both the signal power and the aggregate interference power
are increasing as the antenna downtilt grows from 0 degree
and then decreasing as the antenna gradually looks downward.
As the antenna downtilt increases, the aggregate interference
will hit the maximum level earlier than the signal power
because the average distance from the interfering BSs to the
typical UE is larger than the distance from the associated BS to
the typical UE. Then, the average signal continually increases
and the interference decreases. So, the SINR expression will
increase at this stage. When θtilt > arctan

(
L
r

)
, where r is the

distance from the typical BS to the typical UE, both the signal
power and the aggregate interference power are decreasing.
During this stage, the decreasing rate of the signal power
is larger than the decreasing rate of the interference power
with respect to the antenna downtilt as the average distance
from the associated BS to the typical UE is smaller than the
distance from the interfering BSs to the typical UE, and hence
the change of the antenna downtilt angle has a larger impact
on the former case then that on the latter one, according
to the antenna pattern model addressed in Subsection III-C.
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Fig. 2. The average signal and cumulative interference power with antenna
downtilt and a BS density of 10BSs/km2.

There are two possible cases for the SINR expression: 1)
It increases first and then decreases; 2) It monotonically
decreases. In both cases, there exists a solution of antenna
downtilt to achieve the maximum coverage probability for
a certain BS density during this stage. In addition, both the
interference and the signal power expressions are all concave
functions with respect to the antenna downtilt when θtilt >
arctan

(
L
r

)
so that the average SINR function is a concave

function. Hence there only exists one optimal point, which
concludes our proof.

It is difficult to have a more concrete proof, so we using
the toy example to explain this question based on the SINR
statistics on average.

Remark 3: As a toy example, the signal power and
the aggregate interference power have been plotted
in Fig. 2 assuming the LTE macrocell BS model with
a BS density of 10 BSs/km2.

As the aggregate interference hits its maximum earlier than
the signal power, there are four stages of the functions of
the signal power and the aggregate interference power as the
antenna downtilt increases from 0 to 90 degrees. In stage 1,
both the signal power and the aggregate interference power
will initially increase as the antenna downtilt grows from
zero. The increasing rate of the signal power is larger than
the increasing rate of the aggregate interference power with
respect to the antenna downtilt. Hence, the average SINR
function will increase during stage 1. In stage 2, the aggregate
interference power becomes a monotonically decreasing func-
tion and the signal power will continue increasing with respect
to the antenna downtilt. Hence, the average SINR function will
continue increasing in stage 2. In stage 3, both the signal power
and the aggregate interference power are decreasing. During
this stage, the decreasing rate of the signal power is larger
than the decreasing rate of the interference power with respect
to the antenna downtilt. There are two possible cases for the
SINR function: 1) It increases first and then decreases; 2) It
monotonically decreases. In both cases, there exists a solution
of antenna downtilt in stage 2 or 3 to achieve the maximum
coverage probability for a certain BS density. In stage 4, both
the interference and the signal power are constants. Hence,
the average SINR function becomes a constant independent of
the antenna downtilt. To sum up, there exists a unique solution
of antenna downtilt in stage 2 or 3 to achieve the maximum
coverage probability for a certain BS density.

In the following, we will present such a unique and optimal
antenna downtilt with respect to the BS density, which is
summarized as Theorem 4.

Theorem 4: For a certain BS density λB , the optimal
antenna downtilt can be found by the following equation:

θtilt = argθtilt

{
dPL

c (θtilt) + dPNL
c (θtilt)

+ dPNoise
c (θtilt) = 0

}
(23)

where

dPL
c (θtilt)

=−2πλB

N∑

n=1

∫ √
d2
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√
d2
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∫ ∞
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(
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)
γ×

(
u2 + L2

r2 + L2
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2

×
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⎢
⎣

u
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(
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(
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−
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(
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d2
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√
d2
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×
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(
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2

×

⎡

⎢
⎢
⎢
⎢⎢
⎣

u
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∂G(ϕb,n,θu,θtilt)
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G(ϕb̄,1, θr, θtilt)

(

γALa + G(ϕb̄,1,θr,θtilt)ANL(u2+L2)
αL
2

(r2+L2)
αNL

2
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αNL
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× fNL
R,n (r) dudr, (24)

dPNL
c (θtilt)

=−2πλB

N∑

n=1

∫ √
d2

n−L2

√
d2

n−1−L2

(
1 − PrLn(u)
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−
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

∑S
n=1 G(ϕb,n, θu, θtilt)
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αNL
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⎢
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⎤
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⎥
⎥
⎥
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× fNL
R,n (r) dudr, (25)

dPNoise
c (θtilt)

=
N∑

n=1

∫ √
d2

n−L2

√
d2

n−1−L2

(
r2 + L2

)αL

2

× γN0
∂G(ϕb̄,1,θr,θtilt)

∂θtilt

PBG2(ϕb̄,1, θr, θtilt)AL
fL

R,n (r) dr

+
N∑

n=1

∫ √
d2

n−L2

√
d2

n−1−L2

(
r2 + L2

)αNL

2

× γN0
∂G(ϕb̄,1,θr,θtilt)
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PBG2(ϕb̄,1, θr, θtilt)ANL
fNL

R,n (r) dr (26)

where a =
∑S

n=1 G(ϕb,n, θu, θtilt), fL
R,n (r) and fNL

R,n (r) can

be found in Theorem 1,
∂G(ϕb̄,1,θr,θtilt)

∂θtilt
, ∂G(ϕb,n,θu,θtilt)

∂θtilt
are

the derivatives for θtilt.
Proof: See Appendix B.

From Theorem 4, we can draw the following insights:

• There are three components in Eq.(23) which contribute
to the optimal antenna downtilt, include the LoS links
and the NLoS links shown in Eq.(24) and Eq.(25) and
the noise shown in Eq.(26), respectively.

• When the networks are sparse, the signal is mostly NLoS
and the noise is the dominant factor. Therefore, the NLoS
links and noise are the major ones that determine the
optimal downtilt. As the BS density increases, most
signals and some interference links transit from NLoS
to LoS, and hence, all components in Eq.(23) should
be taken into account. When the BS density is suffi-
ciently large, almost all signals and the major interference
links are LoS, and the noise is negligible compared
to the signal or interference. Therefore, the LoS links
become the major component that determines the optimal
downtilt.

C. Study of 3GPP Cases

1) The Special Case of the Path Loss Functions: As the
main purpose of this work is to investigate the relation-
ship between network performance and the antenna downtilt,
we consider a simplified version of the aforementioned path
loss model, that is a two-piece path loss model, and a linear
LoS probability function defined by the 3GPP [31] as a special
case in the numerical part. The path loss model can be written
as

ζ(w) =

{
ALw−αL

, LoS Probability: PrL(w)
ANLw−αNL

, NLoS Probability: 1 − PrL(w),
(27)

regarding realistic path loss models,

PrL (r) =

⎧
⎨

⎩
1 − w

d1
0 < w ≤ d1

0 w > d1,
(28)

where d1 is the 3D cut-off distance of the LoS link for BS-to-
UE links. The adopted linear LoS probability function is very
useful because it can include other LoS probability functions
as its special cases [7]. For the 3GPP special case, according
to Theorem 1, pcov (λB, γ) can then be computed by

pcov (λB , γ) = T L
1 + T NL

1 + T NL
2 . (29)

The results of the 3GPP special case can be obtained
by plugging (27), (28) and n = 2 into Theorem 1 and
Theorem 3. We can obtain the coverage probability and the
optimal antenna downtilt which is numerically solvable for the
3GPP case.

2) The Special Case of the Antenna Pattern: In this sub-
section, we will discuss the antenna pattern for both the LTE
macrocell BS model and the LTE picocell BS model.

For the LTE macrocell BS model, we use 3 sectors BS tower
and a 3D antenna pattern defined in [11] for each sector, where

Gh(ϕb,i) = −min

[

12
(

ϕb,i

Bh

)2

, SLLaz

]

, (30)

and

Gv(θb, θtilt) = −min

[

12
(

θb − θtilt

Bv1

)2

, SLLel

]

, (31)

where Bh = 65 degrees and Bv1 = 10 degrees are the
horizontal and vertical half power beamwidth, SLLaz = 20dB
and SLLel = 20dB [32] are the side lobe levels (SLL) in
the azimuth and elevation planes. The maximum antenna gain
Gm = 14dBi from [31].

Using the Eq.(5), Eq.(30) and Eq.(31), we have

∂G(ϕb̄,1, θr, θtilt)
∂θtilt

=
2ar

b
(θr − θtilt) exp

[
− (θr − θtilt)2

b

]

(32)

and

∂G(ϕb,n, θu, θtilt)
∂θtilt

=
2au,i

b
(θu − θtilt) exp

[
− (θu − θtilt)2

b

]

(33)
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where θr = arctan
(

L
r

)
, θu = arctan

(
L
u

)
, ar =

10

�
−1.2

�ϕ
b̄,1

Bh

�2
+Gm

�
, aui = 10

�
−1.2

�
ϕu,i
Bh

�2
+Gm

�
are inde-

pendent of θtilt. Plugging Eq.(32) and Eq.(33) into Theorem 4,
and considering the two-piece path loss model, we can obtain
the optimal downtilt expressions for macrocell BSs.

Very similar to macrocell BSs, for the LTE picocell BS
model, we consider a dipole antenna pattern to investigate the
impact of the vertical downtilt. Note that such antenna pattern
is more practical for the study of SCNs. The dipole antenna
is omni-directional in horizontal direction, i.e., Gh(ϕb,i) =
0dB [2], [33] and only one sector in one BS tower, i.e., S = 1.
With electrical downtilt [33], [34], the vertical pattern of the
dipole antenna main lobe can be approximated as

Gv(θb, θtilt) = 10 log10 |cosn (θb − θtilt)| , (34)

where n = 47.64 for a 4-element half-wave dipole antenna.

V. SIMULATION AND DISCUSSION

In this section, we investigate the network performance and
use numerical results to establish the accuracy of our analysis.
The 3GPP special cases studied in Section IV have been
considered in this section. The analytical results are compared
with Monte Carlo simulation results in terms of the coverage
probability and the optimal antenna downtilt. According to
the 3GPP standard [11], we adopt the following parameters:
d1 = 300m, αL = 2, αNL = 3.75, AL = 10−10.38,
ANL = 10−14.54, PB = 46dBm for the LTE macrocell BSs
while PB = 24dBm for the LTE picocell BSs, PN = −95dBm
(including a noise figure of 9 dB at the receivers).

A. Validation of Theorem 1 on the Coverage Probability

In this subsection, we present Monte Carlo simulation
results to investigate the coverage probability and validate the
analytical results in Theorem 1. In Fig.3, we plot the coverage
probability for (i) the LTE macrocell BS model with two
different BS densities and a BS height of 20m, and (ii) the
LTE picocell BS model with two different BS heights and a
BS density of 100 BSs/km2. The SINR threshold and the UE
antenna height are set to γ = 0dB and 1.5m, respectively [11].
As can be seen from Fig.3, our analytical results, which are
given by Theorem 1, match the simulation results very well,
and we can draw the following observations:

• For a certain BS density, there exists an optimal antenna
downtilt which can achieve the maximum coverage prob-
ability. Antenna downtilt has a significant impact on the
coverage probability both in the LTE macrocell BS model
and the LTE picocell BS model.

• The optimal antenna downtilt increases as the BS density
increases because the denser the BS network, the more
near-sighted the BS will look downward since the dis-
tance from the typical UE to its associated BS is generally
shorter as the network becomes denser.

B. Validation of Theorem 4 on the Optimal Antenna Downtilt

In this subsection, we validate the analytical results in
Theorem 4 by providing Monte Carlo simulation results.

Fig. 3. Coverage probability vs. antenna downtilt of the LTE macrocell BS
with γ = 0 dB.

Fig. 4. Optimal antenna downtilt vs. base station density with γ = 0 dB.

In Fig.4, we show the optimal downtilt of the LTE picocell
model and the LTE macrocell model as the BS density
increases with γ = 0dB. The antenna height difference L is
set to 8.5m. As can be seen from Fig.4, our analytical results,
given by Theorem 4, match the simulation results very well,
which validates the accuracy of our analysis. Moreover, we
can draw the following observations:

• Under the two different models, an optimal antenna
downtilt can be found for any given base station density
to obtain the highest coverage probability. The optimal
antenna downtilt increases as the BS density increases.

• The optimal antenna downtilt shows a significant change
of trend when the BS density is around 101.1 BSs/km2.
This is because most signals and interference are NLoS
when the networks are sparse (the BS density <
10 BSs/km2) and these signals and the dominant inter-
ference begin to transit from NLoS to LoS when the
BS density increases beyond 101.1 BSs/km2. Hence
the increasing speed of the optimal antenna downtilt is
slowing down since a strong LoS signal power supports
a relatively small antenna downtilt.

• When considering the LTE macrocell BS model, the
optimal antenna downtilt is smaller than the LTE picocell
BS model because the antenna can look a bit farther to
boost the signal power at the cell-edge area since the
interference is less severe with the 3-sector directional
antenna pattern.

In subsection V-A and V-B, we have verified the accuracy
of our theoretical analysis. We can see that our theoretical
analysis matches well with the numerical results. But in the 5G
cellular network, it makes more sense to deploy the picocell
BSs to serve the UEs which is an even denser network,
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Fig. 5. Optimal Antenna downtilt vs. BS density of the LTE picocell model
with adopted path loss model and the simple path loss model.

i.e., the BS density is larger than 20 BSs/km2. Hence, we will
focus on the LTE picocell model with the omni-directional
antenna pattern to investigate the impact of the optimal antenna
pattern on the network performance of dense networks in the
following.

C. The Optimal Antenna Downtilt With Simple Path Loss
Model

In this subsection, we will show the optimal antenna down-
tilt with simple path loss model.

In Fig.5, we show the optimal downtilt of the LTE picocell
model with the BS density increase with γ = 0dB and the
optimal antenna downtilt with simple path loss model which
is a single slope path loss model with α = 3.75. As we
can observe in Fig.5a and Fig.5b, we can draw the following
observations:

• Between the BS density from 10 BSs/km2 to
200 BSs/km2, the results with the LoS/NLoS first grow
faster, then grow slower than that with a simple path loss
model.

• From 35 BSs/km2 and 100 BSs/km2, the optimal
antenna downtilt remains almost the stable because some
interference turn from the NLoS to LoS path, the optimal
antenna downtilt need to reduce the sudden increase of
the interference.

D. The Performance Impact of BS Antenna Height on the
Coverage Probability

In this subsection, we consider the omni-directional antenna
pattern with λB = 103 BSs/km2 to investigate the perfor-
mance impact of BS antenna height on the coverage probabil-
ity. From Fig.6, we can see that:

• For each antenna height, there exists an optimal antenna
downtilt which can achieve the maximum coverage prob-
ability.

• The higher the BS antenna, the lower the coverage prob-
ability. This is because a larger L implies a tighter cap on
the signal power and the interference power. In addition,
a larger antenna height difference leads to a larger optimal
antenna downtilt because θb = arctan

(
L
rb

)
(rb is the

distance from the BS at point b to the typical UE).

Fig. 6. The performance impact of BS antenna height on the coverage
probability with γ = 0 dB.

Fig. 7. Coverage probability vs. base station density with the optimal antenna
downtilt and γ = 0 dB.

E. Network Performance With the Optimal Network-Wide
Antenna Downtilt

In this subsection, we investigate the coverage probability
and the ASE with the optimal antenna downtilt compared with
the results in [2]. Here, the optimal network-wide antenna
downtilt means adopting the optimal antenna downtilt for
every BS in the network.

1) The Coverage Probability With the Optimal Network-
Wide Antenna Downtilt: Fig.7 shows the coverage probability
with the optimal antenna downtilt and without any downtilt.
As we can observe from Fig.6:

• The antenna downtilt does not change the trend of
the coverage probability, i.e., it first increases and then
decreases to zero as BS density increases.

• The coverage probability performance with the opti-
mal antenna downtilt is always better than that without
antenna downtilt. The coverage probability reaches zero
when the BS density is 3 × 104 BSs/km2, while it is
around 3 × 103 BSs/km2 in [7].

2) The ASE With the Optimal Network-Wide Antenna Down-
tilt: In the following, we present the ASE performance with
the optimal antenna downtilt.

Fig.8 shows the ASE with and without optimal antenna
downtilt. From Fig.8, we can draw the following observations:

• After using the optimal antenna downtilt, the ASE
increases as BS density increases until 2×104 BSs/km2,
then it decreases to zero when BS density is around
2 × 105 BSs/km2.

• The optimal antenna downtilt improves the ASE signif-
icantly and delay the ASE crash by nearly one order of
magnitude in terms of the base station density.
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Fig. 8. AASE(λ, γ0) vs. base station density with the optimal antenna
downtilt and without antenna downtilt.

Fig. 9. AASE(λ, γ0) vs base station density (Rayleigh fading for NLoS
transmissions and Rician fading (K = 10) for LoS transmissions with
γ = 0dB).

3) The Performance Impact of Rician Fading on the ASE
With the Optimal Network-Wide Antenna Downtilt: In Fig.9,
we investigate the performance of coverage probability under
the assumptions of Rayleigh fading for NLoS transmissions
and Rician fading (K = 10) for LoS transmissions. From
Fig.9, we can see that Rician fading makes no difference when
the BS density is smaller than 8 × 103 BSs/km2, and then
the ASE crash happens earlier than the case with Rayleigh
fading. The intuition is that Rayleigh fading exhibits more
channel fluctuation than Rician fading, and hence it can mildly
combat the ASE Crash by providing an opportunistic channel
gain to the signal power. However, such beneficial channel
fluctuation is insignificant compared to the ASE Crash, which
is caused by the physical limitation on capping the signal
power.

VI. CONCLUSION

In this paper, we investigated the impact of the 3D practical
antenna pattern and downtilt on the performance of DL cellular
networks. We show that there exists an optimal antenna
downtilt to achieve the maximum coverage probability for
each BS density. Analytical results were obtained for the
optimal antenna downtilt and the coverage probability. Our
results showed that there are three components determining
the optimal antenna downtilt, and the optimal antenna down-
tilt increases as the BS density grows. Compared with [7],
we found that using the optimal antenna downtilt can improve

the ASE performance significantly. Specifically, it can delay
the ASE crash by nearly one order of magnitude in terms
of the BS density. As our future work, we will consider
the optimal antenna height with a multi-antenna setup in the
cellular networks.

APPENDIX A
PROOF OF THEOREM 1

For clarity, we first summarize our ideas to prove Theo-
rem 1. In order to evaluate pcov (λB , γ), the first key step is to
calculate the distance PDFs for the events that the typical UE
is associated with the strongest BS with a LoS path or that
with a NLoS path, so that the integral of Pr[SINR > γ] can
be performed over the distance w. The second key step is to
calculate Pr[SINR > γ] for the LoS and the NLoS cases
conditioned on w and ϕb̄,1. Since the two events that the
typical UE is connected to a BS with a LoS path and that
with a NLoS path are disjoint events, we have the probability
of coverage pcov (λB, γ) can be derived as

pcov (λB, γ)

=
∫ π
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0

∫ ∞
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> γ

∣
∣
∣∣
∣
r

]

× fNL
R,n (r) f (ϕ) drdϕ

=
N∑

n=1

(
T L

n + T NL
n

)
(35)

where fR (r) is the distance distributions of the signal link
which can be divided to fL

R,n (r) and fNL
R,n (r), fL

R,n (r) and
fNL

R,n (r) are the distance distribution of the n-piece signal
link when the link is LoS and NLoS, Iagg is the aggrega-
tion interference from the LoS path and NLoS path. N0 is
the additive white Gaussian noise (AWGN) power at each
UE. In the following, we show how to compute fL

R,n (r)
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in Eq.(35) first. To that end, we define three events as
follows:

A. Event BL

The nearest BS with a LoS path and the horizontal
arrive angle of the antenna ϕb̄,1 to the typical UE, is located
at distance RL. According to [14], the CCDF of RL is
written as F

L

r (r) = exp
(− ∫ r

0 PrL
n(u)2πuλBdu

)
. Taking the

derivative of (1 − F
L

r (r)) with regard to w, we can get the
PDF of RL as

fL
r (r) = exp

(
-
∫ r

0

PrL(u)2πuλBdu

)
PrLn(u)2πuλB. (36)

B. Event CNL Conditioned on the Value of RL

Given that RL = r, the typical UE is then associated
with such BS at distance RL = r. To make the typical
UE associated with the LoS BS at distance RL = r, such BS
should give the strongest average received power strength from
such BS to the typical UE, i.e., there should be no BS with
a NLoS path and the horizontal arrive angle of the antenna
ϕb1,1 inside the disk centered on the UE with a radius of
r1 < r to outperform such LoS BS at distance RL = r,
where G(ϕb1,1, θb1 , θtilt)ζNL (w1) = G(ϕb̄,1, θb̄, θtilt)ζL(w)
and w1 =

√
r2
1 + L2. BS at point b1 is located at the distance

r1 to the typical UE. Such conditional probability of CNL on
the condition of RL = r can be computed by

Pr
[
CNL

∣∣RL = r
]
=exp

(
-
∫ r1

0

(
1 − PrL(u)

)
2πuλBdu

)
.

(37)

C. Event DL Conditioned on the Value of RL

Given that RNL = r, the typical UE is then associated
with such BS at distance RNL = r. To make the typical
UE associated with the LoS BS at distance RL = r, there
also should be no BS with a LoS path and the horizontal
arrive angle of the antenna ϕb2,1 inside the disk centered on
the UE with a radius of r2 < r to outperform such LoS
BS at distance RL = r, where G(ϕb2,1, θb2 , θtilt)ζL (w2) =
G(ϕb̄,1, θb̄, θtilt)ζL(w) and w2 =

√
r2
2 + L2. BS at point b2 is

located at the distance r2 to the typical UE. Such conditional
probability of DL on the condition of RNL = r can be
computed by

Pr
[
DL

∣∣RL = r
]

= exp
(

-
∫ r2

0

PrL(u)2πuλBdu

)
. (38)

we can get the PDF of rL as

fL
R (r) = Pr

[
CNL

∣∣RL = r
]
Pr
[
DL

∣∣RL = r
]
fL

R(r). (39)

Considering the distance range of dn−1 <
√

r2 + L2 < dn,
we can extract the segment of fL

R,n (r) from fL
R (r) as

fL
R,n (r) = exp

(
-
∫ r2

0

PrLn(u)2πuλBdu

)

× exp
(

-
∫ r1

0

(
1 − PrLn(u)

)
2πuλBdu

)

× exp
(

-
∫ r

0

PrLn(u)2πuλBdu

)
PrLn(u)2πuλB.

(40)

where

r2
1 =

(
G(ϕb̄,1, θb̄, θtilt)AL

G(ϕb1,1, θb1 , θtilt)ANL

)− 2
αNL (

r2 + L2
) αL

αNL ,

(41)

and

r2
2 =

(
G(ϕb̄,1, θb̄, θtilt)

G(ϕb2,1, θb2 , θtilt)

)− 2
αL (

r2 + L2
)
. (42)

Having obtained fL
R,n (r), we move on to evaluate

Pr
[
SINR > γ|w, ϕb̄,1

∣
∣LoS

]
in Eq.(35) as

Pr

[
PBG(ϕb̄,1, θr, θtilt)ζL

b̄
(w)gb̄

Iagg + N0
> γ

∣∣
∣
∣
∣
w, ϕb̄,1

]

= Pr

⎡

⎣gb̄ >
γ (Iagg+N0)

PBG(ϕb̄,1, θr, θtilt)AL (r2 + L2)−
αL

2

∣∣
∣
∣
∣
∣
w, ϕb̄,1

⎤

⎦

= exp

⎛

⎝− γN0

PBG(ϕb̄,1, θr, θtilt)AL (r2 + L2)−
αL
2

⎞

⎠L L
Iagg (s),

(43)

where Iagg is the aggregation interference from the LoS path
and NLoS path. s = γ

PBG(ϕb̄,1,θr,θtilt)ALw−αL ,

L L
Iagg (s)

= E[Iagg ] {exp (−sIagg)}

= E[φ,{g}]

⎧
⎨

⎩
exp

⎡

⎣−s

⎛

⎝
∑

i∈φb/b

S∑

n=1

PBgiζiG(ϕi,n, θu, θtilt)

+
S∑

n=2

PBAL
(
r2 + L2

)−αL

2 G(ϕb,n, θr, θtilt)g

)]}

= exp

(

−2πλB

∫ π
s

0

∫ ∞

r

(

1−

− E{g}

{

exp

(

−s
s∑

n=1

PBζ (u)G(ϕb,n, θu, θtilt)

)})

×uf (ϕb,1) dudϕb,1

)

×
S∏

n=2

E{g}

{
exp

[
PBAL

(
r2+L2

)−αL

2 G(ϕb,n, θr, θtilt)
]}

= exp

(

−2πλB

∫ π
s

0

∫ ∞

r

×
(

u

1 + (s
∑s

n=1 PBζ (u)G(ϕb,n, θu, θtilt))
−1 du

)

× f (ϕb,1) dϕb,1)

×
S∏

n=2

⎛

⎝ 1

PBAL (r2 + L2)−
αL

2 G(ϕb,n, θr, θtilt) − 1

⎞

⎠

(44)

where θu = arctan
(

L
u

)
is a function of u, when the

antenna heigth difference is a constant and G(ϕb,n, θu, θtilt)
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is a determined variable conditioned on ϕb,1 and u. Sim-
ilar to the process of LoS, we have omitted the proof
steps of the computation of fNL

R,n (r) in Eq.(35) and
Pr
[
SINR > γ|w, ϕb̄,1

∣∣NLoS
]

in Eq.(35) for brevity. Our
proof is thus completed.

APPENDIX B
PROOF OF THEOREM 4

In Theorem 1, the coverage probability can be written
as Eq.(35). As λB , γ are constants, to get the derivative of
pcov (λB, γ) respect to θtilt, we treat the antenna pattern gain
in the horizontal direction as another independent variable.
Except for the signal, the other factors which lead to the opti-
mal antenna downtilt can be divided into the noise part Ωnoise,
the LoS interference part ΩILoS and the NLoS interference part
ΩINLoS . Then we let the derivative of Eq.(35) be zero, thus all
parts in Eq.(35) should be zero. Take the first part of Eq.(35)
as an example,

pcov
1 (λB , γ)

=
∫ π

6

0

∫ √
d2
1−L2

0

exp {Ωnoise + ΩILoS + ΩINLoS}
× fL

R,1 (r) f (ϕ) drdϕ (45)

and
∫ √

d2
1−L2

0

{Ωnoise + ΩILoS + ΩINLoS}′θtilt
fL

R,1 (r) dr = 0

(46)

where

ΩILoS + ΩINLoS + Ωnoise

=−2πλB

⎛

⎜
⎜
⎝

∫ d1

r

PrL
1(u)u

1 + G(ϕb̄,1,θr,θtilt)

γ
�S

n=1 G(ϕb,n,θu,θtilt)

(
u2+L2

r2+L2

)αL

2

du

+
∫ ∞
√

d2
n−1−L2

PrLn(u)u

1 + G(ϕb̄,1,θr,θtilt)

γ
�S

n=1 G(ϕb,n,θu,θtilt)

(
u2+L2

r2+L2

)αL

2

du

⎞

⎟
⎟
⎠

...

− 2πλB

×

⎛

⎜
⎜
⎜
⎝

∫ d1

r

(1 − PrL
1(u))u

1 + G(ϕb̄,1,θr,θtilt)AL

γ
�S

n=1 ANLG(ϕb,n,θu,θtilt)

(u2+L2)
αNL

2

(r2+L2)
αL
2

du

+
∫ ∞
√

d2
n−1−L2

×
(
1 − PrLn(u)

)
u

1 + G(ϕb̄,1,θr,θtilt)AL

γ
�

S
n=1 ANLG(ϕb,n,θu,θtilt)

(u2+L2)
αNL

2

(r2+L2)
αL
2

du

⎞

⎟
⎟⎟
⎠

− γN0

PBG(ϕb̄,1, θr, θtilt)AL (r2 + L2)−
αL
2

(47)

which concludes our proof.
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