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Analysis of the Uplink Maximum Achievable
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Abstract—To enhance spectral efficiency, full frequency
reuse has been adopted in advanced cellular communica-
tion networks, which however generates severe inter-cell co-
channel interference and degrades the achievable rate at mobile
terminals, especially for those located near cell boundaries.
Therefore, it is of great importance and interests for network
operators and service providers to evaluate and understand the
impact of location dependent inter-cell co-channel interference
on the achievable data rate in cellular networks. In this paper,
considering a realistic spatial distribution of user locations,
we first derive and analyze the probability density function
(PDF) of the inter-cell power interference factor, which rep-
resents path loss of the adjacent cell signals, for the classic
linear Wyner model. The closed form result of the maximum
achievable rate in cellular uplink channels is also derived
under the Nakagami-m fading model. Based on these new
results, an upper bound of the uplink maximum achievable rate
with location dependent inter-cell signal interference factors is
calculated. Furthermore, the rate is analyzed in a running train
scenario for the application of linear Wyner model. Numerical
results show that user locations have strong impact on the
maximum achievable rate per cell.

I. INTRODUCTION

TO enhance the overall spectral efficiency in cellular
networks, most schemes employ full frequency re-use
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in each cell. As a penalty, full frequency re-use often results
in severe co-channel interferences and causes a significant
drop of data rate at the terminals, particularly at the cell edge
[1], [2]. The co-channel interferences significantly degrade
the quality of service experienced by users located near
the cell boundary, even with the adoption of multiple-input
multiple-output (MIMO) and orthogonal frequency division
multiplexing (OFDM) techniques [3], [4]. Therefore it is
important to evaluate the impact of co-channel interference
on the achievable rate of cellular networks.

Numerous single cell processing techniques have been
proposed in the literature for improving the uplink capacity
in wireless communication systems [5]–[8]. In [5], Liang et
al. investigated the effect of various intra-cell schemes on
uplink coverage spectral efficiency considering both single
BS detection and joint adjacent BS detection. Furthermore,
they analyzed the effect of adaptive channel reuse under
different propagation models in the downlink channel of a
one-dimensional linear cellular array considering only single
BS transmission [6]. In [7], the accuracy of the Wyner model
was studied in both uplink and downlink transmissions
and considering both single-cell processing and multi-cell
processing. In [8], Bang et al. investigated the gains of
multicell zero-forcing beamforming (ZFBF) on the downlink
of a Wyner-type network and compared the gap in data
rate between ZFBF and single-cell processing (SCP) under
mulituser scheduling. To overcome the interference problem
in cellular networks, cooperative communication techniques
have been proposed to combat the interference through the
use of joint encoding and decoding at transmitters and
receivers respectively. Some early studies investigating the
uplink capacity of cooperative base stations (BSs) appeared
in [9], [10]. Particularly in [9], considering high signal-to-
noise ratio (SNR) wireless channels, Hanly et al. showed
that by employing full frequency re-use, a larger capacity
can be achieved in cellular networks compared with that
using partial frequency re-use only and interference can be
mitigated via the cooperation of BSs. In [10, pp. 1403],
Wyner proposed a linear array cells model, i.e., the Wyner
model, to analyze the capacity of cellular networks and
defined the concept of inter-cell signal interference factor,
which represents the path loss of the signals from the
adjacent cells, to evaluate the impact of interference on the
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uplink capacity of cellular networks. In [11], considering
the co-channel interference and wireless channel fading,
Shamai et al. used the maximum achievable rate per cell as
a metric to evaluate the uplink capacity of cellular networks
employing time division multiple access (TDMA), wideband
(WB) and fractional intercell time-sharing (ICTS) schemes,
respectively. Furthermore, in [12] and [13], a Gaussian soft-
handoff model was presented to investigate the cooperative
communication capacity of two cells. More specifically, in
[12] the authors derived analytical expressions for the sum-
rate capacities of uplink and downlink channels in cellular
networks employing TDMA and WB schemes respectively.
In [13] the benefit of BS cooperation for downlink trans-
mission rates was investigated for cellular networks using
dirty-paper-coding (DPC), zeroforcing (ZF) and minimum
mean square error (MMSE) schemes, respectively. In [14]–
[16], the authors studied the transmission rates assuming
the Rayleigh wireless fading channels. Particularly, in [14],
the Wyner model of cellular networks was employed to
study the limits of maximum achievable rate per transmitter
and the optimal performance in TDMA cellular networks.
In [15], by using random matrices to model multi-user
communication channels, the fluctuation of the maximum
achievable rate per cell was studied. In [16], by resorting
to random Schrodinger operators, bounds on the maximum
achievable rate per cell were derived.

In [17], Bacha et al. considered the use of BSs with
multiple antennas and derived the uplink sum capacity per
cell for cellular networks with flat fading channels. In [18],
Sanderovich considered a backhaul cellular network with
joint multi-cell processing, i.e., the cell sites are linked
to the central joint processor via lossless links with finite
capacity, and derived the maximum achievable rates for the
flat fading uplink channels assuming the Wyner and soft-
handoff models. In [19], Nazer developed an inherent alge-
braic structure of lattice codes for improving the capacity
of backhaul constrained cellular networks with flat fading
uplink channels. For the downlinks of cooperative cellular
networks, the maximum achievable rates were explored in
[20]–[23]. Particularly, a linear pre-processing and encoding
scheme based on the DPC method was proposed and a
maximum achievable rate was derived in [20] for cellular
networks with flat fading downlink channels. In [21], a
closed-form formula for the maximum achievable rates was
obtained which helped to obtain analytical insight into the
impact of limited backhaul on the downlink throughput.
An analytical co-channel interference model is proposed
and exact normalized downlink average capacity is derived
in [22] for multicell MIMO cellular networks. In [23],
under an overall power constraint, Somekh et al. proposed a
suboptimal cooperative multi-cell zero-forcing beamforming
(ZFBF) scheme and showed that the scheme is capable
of asymptotically achieving the same sum-rate growth rate
compared with an optimal scheme deploying joint multi-cell
DPC when the number of users in a cell approaches infinity.

In the aforementioned cellular network capacity studies,
only a simple user distribution, e.g., uniform or Poisson,
was considered. The random motion of users is assumed

to have no impact on the spatial distribution of users in
a cell [24]. Further, the inter-cell signal interference factor
was considered as a fixed constant when evaluating the
maximum achievable rate in cellular networks and little
work considered the impact of user locations in a cell on
the inter-cell signal interference factor. Additionally, only
the traditional Rayleigh fading channels were considered in
the above work and the maximum achievable rate analysis
under the more general Nakagami-m fading uplink channels
has not been investigated.

Motivated by the above observations, in this paper we
study the maximum achievable rate per cell for cellular net-
works with Nakagami-m fading uplink channels considering
location dependent inter-cell signal interference factors. The
contributions and novelties of this paper are summarized in
the following.

1) The probability density function (PDF) of the inter-
cell power interference factor for linear Wyner cells
is derived, which is used to calibrate the interference
from users considering the impact of their location
distribution.

2) A closed-form expression for the maximum achievable
rate per cell is derived for linear cellular networks with
Nakagami-m fading uplink channels.

3) Based on a running train scenario, a new maximum
achievable rate per cell is derived for linear cellular
networks with Nakagami-m fading uplink channels
considering location dependent inter-cell signal inter-
ference factors. Further, an upper bound of maximum
achievable rate is also obtained.

The rest of paper is organized as follows. Section II
describes the system model. In Section III, the PDF of the
inter-cell power interference factor in linear Wyner cells is
derived. Assuming Nakagami-m fading uplink channels, a
closed-form expression for the maximum achievable rate
per cell is derived in Section IV. In Section V, a maximum
achievable rate per cell with location dependent inter-cell
signal interference factors in a running train scenario is pro-
posed and evaluated by numerical results. Finally, Section
VI concludes this paper.

II. SYSTEM MODEL

Consider a linear array of M cells with one BS and K
users per cell. The radius of each cell is assumed to be
R. Users are assumed to be independently and identically
distributed (i.i.d.) in a cell following a uniform distribution.
Further, it is assumed that users within the same cell use
different channels to communicate and users belonging to
different BSs may however use the same channel due to
full spatial frequency reuse. In this case, the multi-user
diversity effect in a cell will be analyzed in the following
sections. Therefore, a BS receives the desired signal from
users located within the same cell and interference is caused
by users in adjacent cells. The above model is known as the
linear Wyner model [10] and is illustrated in Fig.1.

The signals received by the M BSs may be represented
in a vector form as follows:
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Fig. 1. A general linear Wyner model.

y⃗ = Hx⃗+ n⃗, (1)

where y⃗ is a M × 1 column vector representing signals
received by the M BSs, x⃗ is a MK × 1 column vector
representing uplink signals sent by K users, H is a M×MK
channel transfer matrix and n⃗ is a M × 1 column vector
denoting the noise received by the M BSs.

Based on the traditional Wyner model, BSm, i.e., the base
station in the mth cell, m ∈ [1,M ], only receives co-channel
interference from users in adjacent cells, i.e., the (m− 1)th

cell and the (m+ 1)th cell, and the interference from users
in other cells is assumed to be negligible (see Fig. 1). Denote
by UEm,k, m ∈ [1,M ] and k ∈ [1,K], the kth active
user in the mth cell and denote by UEm−1,t, UEm+1,s,
t ∈ [1,K] and s ∈ [1,K], the tth interfering user in the
(m− 1)th cell and the sth interfering user in the (m+ 1)th

cell, respectively. The channel transfer matrix H in (1) can
then be written as

H =



a⃗1 βc⃗2 0 · · · 0 0

α⃗b1 a⃗2 βc⃗3 0 · · · 0

0 α⃗b2 a⃗3 βc⃗4
. . .

...
... 0 α⃗b3

. . . . . . 0

0
...

. . . . . . a⃗M−1 βc⃗M
0 0 · · · 0 α⃗bM−1 a⃗M


, (2)

where a⃗m = [am,1, am,2, · · · , am,k, · · · , am,K ], m ∈ [1,M ]
and k ∈ [1,K], is a 1 × K random vector, represent-
ing the multi-path and shadow fading effect experienced
by the desired signals from K active users in the mth

cell, b⃗m−1 = [bm−1,1, bm−1,2, · · · , bm−1,t, · · · , bm−1,K ]
and c⃗m+1 = [cm+1,1, cm+1,2, · · · , cm+1,s, · · · , cm+1,K ], t
and s ∈ [1,K], are two 1 × K random vectors represent-
ing the multi-path and shadow fading effect experienced
by the interference signals from users in the (m− 1)th

and (m+ 1)th cells, respectively. It is assumed that am,k,
bm−1,t and cm+1,s, are random complex variables, and are
statistically independent of each other.

The parameter α ∈ [0, 1] is the inter-cell signal inter-
ference factor, which represents the path loss of interfering
signals from users in the (m− 1)

th cell to the mth cell [14].
Considering that the interference signals are statistically
independent, the inter-cell signal interference factor from
users in the (m+ 1)

th cell to the mth cell is β ∈ [0, 1].
As commonly done in the area, it is assumed that the nodes

mobility is such that the spatial distribution of nodes location
is stationary and ergodic with stationary distribution uniform
in its cell [14], [25]. It follows that the inter-cell signal
interference factors α and β can be approximated by its
spatial average value [24], i.e., the average inter-cell signal
interference factor, and be treated as a constant in cellular
networks. In the next section, we will show how to obtain the
values of α and β considering the spatial random distribution
of interfering users’ location in a cell.

Considering the impact of interference and noise in the
linear Wyner model, the maximum achievable rate with
single cell processing scheme RSCP m in the mth cell is
given by [10]

RSCP m = E

{
log

(
1 +

Pm

Nm + Im

)}
, (3)

where Pm is the instantaneous received signal power at
BS, Im is the instantaneous interference power from the
(m− 1)

th and (m+ 1)
th cell, Nm is the instantaneous

noise power, E {·} is an expectation operator which takes
over instantaneous signal power, interference power and
noise power to get the average data rate. To avoid the near-
far effect in cellular networks, the user terminals generally
adaptively adjust the transmission power to keep all signal
power received by BSs at the same level. Therefore, the
received power at the BS is represented by a common
value. Based on the simple one-slope path loss model, the
instantaneous received power at BS BSm is traditionally
expressed as

Pm =
KP̄tr

K

K∑
k=1

(d0/dm,k)
λ|am,k|2, (4)

where P̄tr is the transmission power of users in a cell, dm,k

is a distance between the transmitter and the receiver, d0
is a reference distance and P̄tr is the received power at
d0, λ is an attenuation coefficient and K is an propagation
coefficient, K = −31.54dB when d0 = 1 meter [26].
The instantaneous interference power from users in the
(m− 1)

th and (m+ 1)
th cells to the BS in the mth cell

can be written as (5), where dm−1,t and dm+1,s are the
distances between the transmitters and the receivers with
the same channels in the (m− 1)

th and (m+ 1)
th cells,

and the BS in the mth cell, t, s ∈ [1,K] are the indices of
users in the (m− 1)

th and (m+ 1)
th cells, respectively.

The noise is assumed as a zero mean, i.i.d. Gaussian
process. For the sake of simplicity, the noise power in
uplink channel is normalized to a unit power in this paper.
Then, substituting (3) by the instantaneous received power,
interference power and noise power, the RSCP m can be
rewritten as (6).

Define the inter-cell average power interference fac-

tor as α2 =
K∑
t=1

dm−1,t
−λ

/
K∑

k=1

dm,k
−λ , β2 =

K∑
s=1

dm+1,s
−λ

/
K∑

k=1

dm,k
−λ and replace the average user

data rates in (6) with the approximated rates derived from
[27], the RSCP m is approximated as (7), where am,k,
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Im =
KP̄tr

K

(
K∑
t=1

(d0/dm−1,t)
λ|bm−1,t|2 +

K∑
s=1

(d0/dm+1,s)
λ|cm+1,s|2

)
. (5)

RSCP m = E

log

1 +

KP̄tr

K

K∑
k=1

(
d0

dm,k

)λ
|am,k|2

1 + KP̄tr

K

(
K∑
t=1

(
d0

dm - 1,t

)λ
|bm−1,t|2 +

K∑
s=1

(
d0

dm+1,s

)λ
|cm+1,s|2

)



= E


log

1 +

P̄tr

K

K∑
k=1

dm,k
−λ|am,k|2

1

K
K∑

k=1

dλ
0

+ P̄tr

K

(
K∑
t=1

dm−1,t
−λ|bm−1,t|2 +

K∑
s=1

dm+1,s
−λ|cm+1,s|2

)




= E


log


1 +

P̄tr

K

K∑
k=1

|am,k|2

1

K
K∑

k=1

(
d0

dm,k

)λ
+ P̄tr

K

 K∑
t=1

dm−1,t
−λ

K∑
k=1

dm,k
−λ

K∑
t=1

|bm−1,t|2 +
K∑

s=1
dm+1,s

−λ

K∑
k=1

dm,k
−λ

K∑
s=1

|cm+1,s|2






, (6)

RSCP m ≈ E

log

1 +

P̄tr

K

K∑
k=1

|am,k|2

1 + P̄tr

K

(
α2

K∑
t=1

|bm−1,t|2 + β2
K∑
s=1

|cm+1,s|2
)

 , (7)

bm−1,t and cm+1,s are the channel propagation coefficients
of the mth, (m− 1)

th and (m+ 1)
th cell respectively.

The above equation is obtained assuming that users move
randomly in a cell. However, in some applications, for
example when all interfering users are seated in a running
train, the user’s mobility model is no longer random but
rather predictable. In these situations, the inter-cell power
interference factor is obviously significantly affected by the
user’s location in a cell, and can no longer be approx-
imated by an average value. Further, it is interesting to
evaluate the impact of the user location-dependent inter-
cell power interference factor on the maximum achievable
rate of cellular networks and derive a closed-form solu-
tion. Besides, it can be seen from (7) that the maximum-
achievable rate is affected by the interference factor and
the channel propagation coefficient, i.e., the slow lognormal
shadowing and fast multipath fading. Considering the path
loss is independent on the slow lognormal shadowing and
fast multipath fading in wireless channels [26], the PDF of
inter-cell interference factor is first derived to evaluate the
impact of user’s location on the maximum-achievable rate
in cellular networks. Furthermore, the impact of the slow
lognormal shadowing and fast multipath fading modelled
by the Nakagami-m fading on the maximum achievable rate
of cellular networks is studied in Section IV. Finally, we
will analyze the interference factor and Nakagami-m fading
for the maximum achievable rate in a running train scenario
using a linear Wyner model.

Besides, it can be seen from (7) that the maximum-
achievable rate is affected by the interference factor and
the channel propagation coefficient, i.e., the slow lognormal
shadowing and fast multipath fading. Considering the path
loss is independent on the slow lognormal shadowing and
fast multipath fading in wireless channels [26], the PDF of
inter-cell interference factor is first derived to evaluate the
impact of user’s location on the maximum-achievable rate
in cellular networks. Furthermore, the impact of the slow
lognormal shadowing and fast multipath fading modelled
by the Nakagami-m fading on the maximum achievable rate
of cellular networks is studied in Section IV. Finally, we
will analyze the interference factor and Nakagami-m fading
for the maximum achievable rate in a running train scenario
using a linear Wyner model.

III. PDF OF INTER-CELL POWER INTERFERENCE FACTOR

To derive a closed-form expression of the maximum
achievable rate considering location dependent inter-cell
signal interference factors, the PDF of inter-cell power
interference factor is firstly investigated in this section.

Considering that the interference occurs when the users in
different cells are allocated the same channel, the same code
in CDMA system or the same frequence in OFDM system,
the inter-cell average power interference factor of one user
is analyzed. The inter-cell power interference factor of one
user will be discussed firstly. As illustrated in Fig. 1, let
r be the distance between UEm−1,k and BSm−1 and let



XIANG et al.: ENERGY EFFICIENCY EVALUATION BASED ON SPATIAL DISTRIBUTIONS OF TRAFFIC LOAD AND POWER CONSUMPTION 5

0
0.2

0.4
0.6

0.8
1

0
π/6

π/3

π/2

2π/3

5π/6

π

0

0.2

0.4

0.6

0.8

1

 

Distance r between

the interfering user and its BS
Angle θ shaped by 

 the interfering user and BSs

 

In
te

r-
c
e
ll 

p
o
w

e
r 

in
te

rf
e
re

n
c
e
 f

a
c
to

r 
α

Fig. 2. Inter-cell power interference factor with respect to the user
location.

the angle subtended by UEm−1,k, BSm−1 and BSm be θ.
Using the definition of inter-cell signal interference factor,
the inter-cell power interference factor α2 of UEm−1,k is
derived by (8) [18].

Fig. 2 plots the inter-cell power interference factor as a
function of the user location parameters θ and r for the
situation of a fixed attenuation coefficient λ = 2 using
(8). As shown in Fig. 2, the inter-cell power interference
factor is a monotonically increasing function of the distance
r and is a monotonically decreasing function of the angle
θ. Moreover, the maximum of inter-cell power interference
factor is reached when the interfering user is located at the
cell-edge with r = R and θ = 0.

To facilitate the derivation of the PDF of the inter-cell
power interference factor, an intermediate variable G =

r√
(r cos θ−2R)2+r2sin2θ

is defined. Moreover, considering that

users are assumed to follow a uniform distribution in a cell,
the cumulative distribution function (CDF) of G is given by
(9) [28].

Based on the result of Appendix, the CDF of G can be
further written as (10) [29].

As a consequence, the PDF of G is derived by derivative
as (11).

Considering the relationship of α2 = Gλ, the PDF of
inter-cell power interference factor α2 is finally derived by
following segmented functions: when 0 ≤ α

2
λ ≤ 1

3 , the PDF
of α2 is derived as (12a), when 1

3 < α
2
λ ≤ 1, the PDF of

α2 is derived as (12b).
The PDF of the inter-cell power interference factor with

respect to the attenuation coefficient λ is illustrated in Fig.
3. Considering an urban macrocell environment, the atten-
uation coefficient λ is ranged from 2 to 5 [30]. To clearly
compare the numerical results, the logarithm curves of the
PDF of the inter-cell power interference factor are plotted
in Fig. 3. From Fig. 3, it can be seen there is a maximum
peak value of PDF curve with λ = 2. The reason caused this
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Fig. 3. PDF of inter-cell power interference factor.

result is that (12a) is a monotone increasing function of α2

and (12b) is a monotone decreasing function of α2 when
the attenuation coefficient is equal to 2. Therefore, there
must exist a maximum peak value when

(
α2
) 1

2 = 1/3, i.e.,
α2 = 1/9. However, when the attenuation coefficient λ is
large than or equal to 3, (12a) and (12b) are all monotone
decreasing function of α2. In this case, the maximum peak
value of f

(
α2
)

is occurred when α2 = 0.

IV. MAXIMUM ACHIEVABLE RATE WITH NAKAGAMI-M
FADING UPLINK CHANNELS AND FIXED INTERFERENCE

FACTORS

In this section, the impact of channel propagation coeffi-
cient modelled by the Nakagami-m fading on the maximum-
achievable rate is evaluated. Considering that the path loss
is independent on the Nakagami-m fading, the inter-cell
interference factor is fixed. Furthermore, a closed-form
expression of the maximum achievable rate per cell over
Nakagami-m fading uplink channels is derived based on
Meijer G-functions.

To facilitate the derivation of the maximum achievable

rate, three random variables are defined: S =
K∑

k=1

|am,k|2,

TL =
K∑
t=1

|bm−1,t|2 and TR =
K∑
t=1

|cm+1,s|2. The maximum

achievable rate in (7) can be written in the form of the three
random variables as (13). Considered the inter-cell power
interference factor is dependant on the location of user, α2

and β2 are the average inter-cell power interference factors
from the (m− 1)

th and (m+ 1)
th cells.

In the system model illustrated in Fig. 1, the general
Nakagami-m fading uplink channels are considered. More-
over, every signal including the interference signal is as-
sumed to be independent and is subject to independent
Nakagami-m fading. In this case, the PDF of Z, which
represents the signal envelope in wireless uplink channels,
is expressed by a Nakagami-m distribution [31]
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α2 =

P̄trK

(
d0

/√
(r cos θ − 2R)

2
+ r2sin2θ

)λ

P̄trK(d0/r)
λ

=

 r√
(r cos θ − 2R)

2
+ r2sin2θ

λ

. (8)

FG (γ) =

∫∫
r√

(r cos θ−2R)2+r2sin2θ
6γ

f (r, θ) dS =

∫∫
r√

(r cos θ−2R)2+r2sin2θ
6γ

r

πR2
drdθ. (9)

FG (γ)

=


4γ2

(γ2−1)2
0 ≤ γ ≤ 1

3

1− (γ2+1)
2
arccos 5γ2−1

4γ2

π(γ2−1)2
−

√
(9γ2−1)(1−γ2)

− 1
2

2π − 4γ2

π(γ2−1)2
arcsin

√
(1−9γ2)(γ2−1)

4γ
1
3 < γ ≤ 1

. (10)

fG (γ)

=


−8γ(γ2+1)
(γ2−1)3

0 ≤ γ ≤ 1
3

− 8γ(γ2+1)
π(γ2−1)3

(
arccos 5γ2−1

4γ2 − arcsin

√
(1−9γ2)(γ2−1)

4γ

)
− 2(9γ2−1)

1
2

πγ(1−γ2)
3
2

1
3 < γ ≤ 1

. (11)

f
(
α2
)
=

−8α2
1
λ

(
α2

2
λ + 1

)
(
α2

2
λ − 1

)3 1

λ
α2( 1

λ−1)
, (12a)

f
(
α2
)
= −

8α2
1
λ

(
α2

2
λ +1

)
π
(
α2

2
λ −1

)3
1
λα

2( 1
λ−1)

arccos 5α2
2
λ −1

4α2
2
λ

− arcsin

√(
1−9α2

2
λ

)(
α2

2
λ −1

)
4α2

1
λ


−

2

(
9α2

2
λ −1

) 1
2

πα2
1
λ

(
1−α2

2
λ

) 3
2

1
λα

2( 1
λ−1)

. (12b)

RSCP m = E

log

1 +
P̄tr

K∑
k=1

|am,k|2

K+α2P̄tr

K∑
t=1

|bm−1,t|2+β2P̄tr

K∑
t=1

|cm+1,s|2


= E

{
log
(
1 + P̄trS

K+P̄trα2TL+P̄trβ2TR

)}
= E

{
log
(
K + P̄tr

(
S + α2TL + β2TR

))
− log

(
K + P̄tr

(
α2TL + β2TR

))} , (13)

fZ(x) =
2
(
ml

Ω

)ml

Γ (ml)
x2ml−1e

(
−mlx

2

Ω

)
, (14)

where ml is a fading severity parameter, Ω is a received
signal power at the corresponding BS. Furthermore, the PDF
of Z2 can be approximated by a Gamma distribution [32]

fZ2(x) =

(
ml

Ω

)ml

Γ (ml)
xml−1e(−

mlx

Ω ), (15)

which can be simply denoted as Z2 ∼ Γ (ml,Ω/ml).
Using (15), the Nakagami-m fading effect of desired sig-

nal in the mth cell and interference signal in the (m− 1)th

and (m+ 1)th cells, represented by |am,k|2, |bm−1,t|2

and |cm+1,s|2 can be expressed by Gamma distributions:

|am,k|2 ∼ Γ (m1,Ω/m1), |bm−1,t|2 ∼ Γ (m2,Ω/m2), and
|cm+1,s|2 ∼ Γ (m3,Ω/m3), respectively. Parameters m1,
m2 and m3 are fading severity parameters in the mth,
(m− 1)th and (m+ 1)th cells respectively.

Moreover, two important lemmas used for derivation are
listed as follows [33]:
Lemma 1: Let Xi=1,2,...N be a set of independent ran-
dom variables and Xi ∼ Γ (aΓ,i, bΓ)(i.e., all distribu-

tions have the same scale parameter bΓ), then
N∑
i=1

Xi ∼

Γ

(
N∑
i=1

aΓ,i, bΓ

)
.

Lemma 2: Let X ∼ Γ (aΓ, bΓ), then for any k > 0,
kX ∼ Γ (aΓ, kbΓ).

The Nakagami-m fading effect on the desired signal in
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the mth cell and interference signals in the (m− 1)th cell,
i.e., |am,k|2 and |bm−1,t|2 are assumed independent. The
Nakagami-m fading severity parameters are assumed same
for all users in a cell. The distributions of random variables
S, α2TL and β2TR can be obtained as (16), (17) and (18).

According to the conditions in [34], the PDF of the sum
of two independent Gamma variables i.e., α2TL + β2TR,
is given by (19), where 1F1 (aF , bF ; cF ) = 1 + aF

bF
cF
1! +

aF (aF+1)
bF (bF+1)

cF
2

2! + · · · , is a confluent hypergeometric function
and is defined in [35, pp. 1023].

In [36], the exact PDF of the sum of three Gamma
random variables, i.e., S+α2TL + β2TR, can be expressed

as (20), where ∆ = mKm1
1

(
β2

m3

)Km1+Km2
(

m2

α2

)Km2

,
ρ = K (m1 +m2 +m3), δi is found by recur-

sion from δi+1 = 1
i+1

i+1∑
j=1

jγjδi+1−j , and γj =

j−1Ω

[
1

m1

(
1− β2m1

m3

)j
+ α2

m2

(
1− β2m2

α2m3

)j]
.

However, the closed-form PDF is difficult to be derived
from the expression in (20). To derive a closed-form PDF for
the sum of three independent Gamma random variables that
can be readily computed, a moment matching approximation
approach with the same first and second order moments is
used for (20). The gamma distributed variable V with the
same first and second order moments equals to those of
S + α2TL + β2TR is given by [37]

V ∼ Γ (κ,Θ) =
yκ−1e−

y
Θ

ΘκΓ (κ)
(21a)

with

κ =
K
(
1 + α2 + β2

)2
(

1
m1

+ α4

m2
+ β4

m3

) , (21b)

Θ =
Ω
(

1
m1

+ α4

m2
+ β4

m3

)
1 + α2 + β2

. (21c)

Substitute (19) and (21a) into (13), a new maximum
achievable rate with Nakagami-m fading uplink channels is
derived by (22a) with (22b), where 1F1 (·; · ; ·) is a confluent
hypergeometric function.

The integral in (22a) is difficult to compute. To simplify
the expression, we resort to some special functions, i.e., the
so-called Meijer’s G-functions, which is defined as (23) [38],
where 0 ≤ m ≤ q, 0 ≤ n ≤ p, and ℑ =

√
−1. The log2 (·)

and 1F1 (·; · ; ·) functions can be expressed as a special form
of Meijer’s G-function. Therefore, (22) can be expressed in a
closed-form using Meijer’s G-functions as (24a) with (24b).

A. Numerical Analysis of Maximum Achievable Rate with
Nakagami-m Fading Uplink Channels

Based on the maximum achievable rate with Nakagami-
m fading uplink channels obtained in the last section,
some numerical performance evaluations are performed. The
following parameters are used in the numerical evaluation:
the received signal power Ω at a BS is normalized as 1, the
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Fig. 4. Maximum achievable rate per cell with respect to the
inter-cell signal interference factor and the signal fading severity
parameter.
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Fig. 5. Maximum achievable rate per cell with respect to the inter-
cell signal interference factor and the user number in a cell.

average user transmission power is configured P̄tr = 10dB,
the Nakagami-m fading severity parameter in the (m− 1)th

and (m+ 1)th cells are chosen to be m2 = 1, m3 = 2,
respectively, and the signal interference factor from the
(m+ 1)th cell is chosen to be β = 0.3.

Supposing that the number of users in a cell K = 10, in
Fig. 4, the maximum achievable rate per cell for different
channel conditions is shown. In Fig. 4, the maximum achiev-
able rate per cell decreases with the increase of the inter-
cell signal interference factor. When the inter-cell signal
interference factor is fixed, the maximum achievable rate per
cell increases with the increase of the Nakagami-m fading
severity parameter m1 in the mth cell.

Given that the Nakagami-m fading severity parameter in
the mth cell is chosen to be m1 = 1, Fig. 5 illustrates
the maximum achievable rate per cell as a function of
the number of users in a cell. When the inter-cell signal
interference factor is less than 0.67, the maximum achievable
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S =
K∑

k=1

|am,k|2 ∼ Γ (Km1,Ω/m1) =

(
m1

Ω

)Km1

Γ (Km1)
xKm1−1e(−

m1x
Ω ), (16)

α2TL = α2

K∑
k=1

|bm−1,t|2 ∼ Γ
(
Km2, α2Ω

/
m2

)
=

(
m2

α2Ω

)Km2

Γ (Km2)
xKm2−1e

(
−m2x

α2Ω

)
, (17)

β2TR = β2

K∑
k=1

|cm+1,s|2 ∼ Γ
(
Km3, β2Ω

/
m3

)
=

(
m3

β2Ω

)Km3

Γ (Km3)
xKm3−1e

(
−m3x

β2Ω

)
. (18)

fα2TL+β2TR
(x) =

xKm2+Km3−1e−m3x/β2Ω
1F1

[
Km2;Km2 +Km3;

(
m3

β2Ω
− m2

α2Ω

)
x
]

(
α2Ω
m2

)Km2
(

β2Ω
m3

)Km3

Γ (Km2 +Km3)

, (19)

fS+α2TL+β2TR
(y) = ∆

∞∑
i=0

δim
ρ+i

3

Γ (ρ+ i)
(
β2Ω

)ρ+i
yρ+i−1e−xm3/β2Ω (20)

RSCP m =
∫∞
0

log
(
K + P̄try

)
yκ−1e−

y
Θ

ΘκΓ(κ) dy

−1
ε

∫∞
0

log
(
K + P̄trx

)
xKm2+Km3−1e−m3x/β2Ω

1F1

[
Km2;Km2 +Km3;

(
m3

β2Ω
− m2

α2Ω

)
x
]
dx

, (22a)

ε =

(
α2Ω

m2

)Km2
(
β2Ω

m3

)Km3

Γ (Km2 +Km3) . (22b)

Gm,n
p,q

(
x

∣∣∣∣ a1, · · · ap
b1, · · · bq

)
=

1

2πℑ

∫ ∞

0

m∏
j=1

Γ(bj − s)
n∏

j=1

Γ(1− aj + s)

q∏
j=m+1

Γ(1− bj + s)
p∏

j=n+1

Γ(aj − s)

xsds, (23)

RSCP m = 1
Γ(k)G

1,3
3,2

(
1− k, 1, 1

1, 0

∣∣∣∣ PtrΘ
K

)
+ logK

−εt

(
Ptr

K

)−(Km2+Km3)

G2,1:1,0:1,1
2,2:0,1:1,2

−Km2−Km3,1−Km2−Km3

−Km2−Km3,−Km2−Km3
| −
0

|1−Km2

0,1−Km2−Km3
| m3K

β2ΩPtr
,
K

(
m2

α2Ω
− m3

β2Ω

)
Ptr


−εt logK

(
m3

β2Ω

)−(Km2+Km3)

G1,2
2,2

(
1−Km2 −Km3, 1−Km2

0, 1−Km2 −Km3

∣∣∣(m2

α2
− m3

β2

)
β2

m3

) , (24a)

εt =

(
m2

α2Ω

)Km2
(

m3

β2Ω

)Km3 1

Γ (Km2)
. (24b)

rate per cell increases with the increase of the user number
in a cell. This result indicates that the maximum achievable
rate is mainly affected by the channel fading in the low
interference case, i.e., the inter-cell power interference factor
is less than 0.67. In this case, the multi-user diversity
gain can be implemented owing to fluctuations of fading

channels. When the inter-cell signal interference factor is
large than or equal to 0.67, the maximum achievable rate
per cell decreases with the increase of the user number in a
cell. This result implies that the maximum achievable rate is
mainly affected by the interference in the high interference
case, i.e., the inter-cell power interference factor is large
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than or equal to 0.67. Moreover, the interfering users in
adjacent cells will increase if the number of users per cell
is increased. In this case, the maximum achievable rate
decreases with the increasing number of users in the high
interference region. This result is consistent with the result
in interference-limited cellular networks [39].

V. MAXIMUM ACHIEVABLE RATE WITH LOCATION
DEPENDENT INTER-CELL SIGNAL INTERFERENCE

FACTORS

In all aforementioned maximum achievable rate studies,
users are assumed to be uniform and i.i.d. and with a random
movement that preserves the uniform spatial distribution. In
this case, the user’s random motion cannot change the statis-
tical characteristics of user distribution in a cell. Therefore,
the inter-cell signal interference factor can be reasonably
approximated by a constant. However, in some applications,
such as interfering users in a running train, the movement
of all interfering users in a cell has a specific and common
direction. As a consequence, the inter-cell signal interference
factor becomes time-varying and depends on the movement
of users when computing the maximum achievable rate. In
this section, a running train scenario is illustrated and then
the maximum achievable rate with location dependent inter-
cell signal interference factors for cellular networks with
Nakagami-m fading uplink channels is presented.

A. A Running Train Scenario

Based on the generic system model in Fig. 1, a more
detailed model for the specific running train scenario is
illustrated in Fig. 6. The distance between the center of train
and BSm−1 is r and the angle subtended by the center of
train and BSm at BSm−1 is θ. The length and width of train
is assumed to be l and w, respectively. The train is assumed
to be moving from BSm−1 to BSm and all interfering
users lie in the train. All users are assumed to be uniformly
distributed in a train. To simplify the analysis, users in the
mth cell is assumed only be interfered by train users in the
(m− 1)th cell in this scenario, that is the interference signal
just come from one side. The speed of train is assumed to
be slow, such as less than 80 kilometers per hour, to avoid
the Doppler frequency shift effect on uplinks of cellular
networks.

B. Maximum Achievable Rate with Location Dependent
Inter-cell Signal Interference Factor

Considering that all interfering users lie in a running
train and move together, all interfering users in a train
are assumed to have the same interference factor. In this
case, the average inter-cell power interference factor is used
for the same interference factor of all interfering users
in a running train. Moreover, the average inter-cell power
interference factor α2 is expressed by

α2 =

∫
α2ds

Strain
=

∫ θ+ l
2r

θ− l
2r

∫ r+w
2

r−w
2
α2qdqdϕ∫ θ+ l

2r

θ− l
2r

∫ r+w
2

r−w
2
qdqdϕ

, (25)

2R

1m
BS - m

BS

( )
th

m-1 cell
thm cell

signal

r

q

interference

Fig. 6. A running train scenario.

where Strain is the train area and with a bit abuse of the
term, we use the same symbol to denote the area of the train
and the size of the area.

Based on the Cauchy-Schwarz inequality, the following
result on a lower bound of total inter-cell power interference
factor at the train can be obtained:

∫ θ+ l
2r

θ− l
2r

∫ r+w
2

r−w
2

α2qdqdϕ

>

(∫ θ+ l
2r

θ− l
2r

∫ r+w
2

r−w
2
dqdϕ

)2
∫ θ+ l

2r

θ− l
2r

∫ r+w
2

r−w
2

1
α2qdqdϕ

=
(wl/r)

2∫ θ+ l
2r

θ− l
2r

∫ r+w
2

r−w
2

1
α2qdqdϕ

=
(wl/r)

2

∫ θ+ l
2r

θ− l
2r

∫ r+w
2

r−w
2

(√
q2−4Rq cosϕ+4R2

)λ

qλ+1 dqdϕ

. (26)

To simplify the derivation, the attenuation coefficient λ is
fixed at 4 in the following computation, which corresponds
to a typical urban macrocell environment [40]. Hence, (26)
is further simplified as∫

α2qdqdϕ ≥ (wl/r)
2

δ − η + ζ
(27a)

with

δ =

ln

(
2r + w

2r − w

)
+

16R2rw(
r2 − w2

4

)2 +
8R4rw

(
r2 + w2

4

)
(
r2 − w2

4

)4
 l

r
,

(27b)

η =

 16Rw

r2 − w2

4

+
64R3w

(
3r2 + w2

4

)
3
(
r2 − w2

4

)3
 cos θ sin

l

2r
,

(27c)

ζ =
8R2rw(
r2 − w2

4

)2 cos 2θ sin
l

r
. (27d)

Substitute (27a) into (25), a lower bound of the average
inter-cell power interference factor is obtained.
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Fig. 7. Average inter-cell power interference factor with respect
to the path loss exponent λ and the distance r between the train
and the BS.

α2 ≥
wl
/
r2

δ − η + ζ
. (28)

Furthermore, considering that the interference just lies in
one side cell, the inter-cell average power interference factor
β2 in (13) is configured as zero. From (13), the maximum
achievable rate with Nakagami-m fading uplink channels for
the special case of a running train scenario can be rewritten
as (29a) with (29b) and (29c).

Substitute (28) into (29a), an upper bound of the max-
imum achievable rate with location dependent inter-cell
signal interference factors is given by (30).

C. Numerical Results and Discussion

Based on the proposed running train scenario in Fig. 6, the
effect of wireless channel conditions and the train location
on the average inter-cell power interference factor and the
maximum achievable rate is investigated. In the following
numerical results, the parameters are configured as follows:
the length and width of train are configured as l = 500
and w = 3.1 meters [41]; the radius of cell is given by
R = 15000 meters [42]; the Nakagami-m fading severity
parameters are configured as m1 = m2 = 2; the number of
users in a cell is configured as K = 100.

Fig. 7 illustrates the average inter-cell power interference
factor with respect to the attenuation coefficient λ and the
distance r between the train and the BS BSm−1. Without
loss of generality, the angle θ is chosen to be θ = π/6 in Fig.
7. It is shown that the average inter-cell power interference
factor increases with the increase of the distance between
the train and the BS BSm−1. When the distance between
the train and the BS BSm−1 is fixed, the average inter-cell
power interference factor decreases with the increase of the
attenuation coefficient.
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Fig. 8. Average inter-cell power interference factor with respect
to the angle θ shaped by the train and BSs.
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Fig. 9. Maximum achievable rate with respect to the path loss
exponent λ and the distance r between the train and the BS.

In Fig. 8, the effect of the angle θ on the average inter-
cell power interference factor is investigated. The distance
between the train and the BS is fixed at r = 10000 meters
in Fig. 8. As shown in Fig. 8, the average inter-cell power
interference factor decreases when θ increases from 0 to
π. However, the average inter-cell power interference factor
increases when θ increases from π to 2π. The minimum of
the average inter-cell power interference factor is reached
when θ equals to π. When θ equals to 0 or 2π, the average
inter-cell power interference factor reaches its maximum.

Fig. 9 shows the maximum achievable rate with respect to
the attenuation coefficient and the distance r. Without loss
of generality, the angle θ is configured as θ = π/6 in Fig. 9.
The maximum achievable rate decreases with the increasing
of the distance between the train and the BS BSm−1. When
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RSCP m = 1
ε1

∫∞
0

log
(
K + P̄tx

)
xKm1+Km2−1e−m2x/α2Ω

1F1

[
Km1;Km1 +Km2;

(
m2

α2Ω
− m1

Ω

)
x
]
dx

− 1
ε2

∫∞
0

log
(
K + P̄tx

)
xKm2−1e

(
− m2

α2Ω
x
)
dx

(29a)

ε1 =

(
Ω

m1

)Km1
(
α2Ω

m2

)Km2

Γ (Km1 +Km2) , (29b)

ε2 =

(
α2Ω

m2

)Km2

Γ (Km2) . (29c)

RSCP m = εo

(
Pt

K

)−Km1−Km2

G1 + εo logK

(
m2

α2Ω

)−Km1−Km2

G2 −
1

Γ (Km2)
G3 − logK, (30a)

εo =
(m1

Ω

)Km1
(

m2

α2Ω

)Km2 1

Γ (Km1)
, (30b)

G1 = G2,1:1,0:1,1
2,2:0,1:1,2

−Km1−Km2,1−Km1−Km2
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| −
0

|1−Km1
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| m2K

α2ΩPt

,
K
(
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)
Pt
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(
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∣∣∣∣ (m1

Ω
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α2Ω

)
α2Ω

m2

)
, (30d)

G3 = G1,3
3,2

(
1−Km2, 1, 1

1, 0

∣∣∣∣ Ptα2Ω

Km2

)
, (30e)

α2 =
wl
/
r2

δ − η + ζ
, (30f)

δ =

ln

(
2r + w

2r − w

)
+

16R2rw(
r2 − w2

4

)2 +
8R4rw

(
r2 + w2

4

)
(
r2 − w2

4

)4
 l

r
, (30g)

η =

 16Rw

r2 − w2

4

+
64R3w

(
3r2 + w2

4

)
3
(
r2 − w2

4

)3
 cos θ sin

l

2r
, (30h)

ζ =
8R2rw(
r2 − w2

4

)2 cos 2θ sin
l

r
. (30i)

2γ2R cos θ + 2γR
√
1− γ2sin2θ

(γ2 − 1)
≤ r ≤ 2γ2R cos θ − 2γR

√
1− γ2sin2θ

(γ2 − 1)
. (33)

the distance between the train and the BS BSm−1 is fixed,
the maximum achievable rate increases with the increase of

the attenuation coefficient.

Fig. 10 evaluates the impact of θ on the maximum
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
0 6 r 6 R 1

3 < γ 6 1 and arccos 5γ2−1
4γ2 6 θ 6 π

0 6 r 6 2γ2R cos θ − 2γR
√
1− γ2sin2θ

(γ2 − 1)
others

. (35)
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2
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=
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Fig. 10. Maximum achievable rate with respect to the angle θ
shaped by the train and BSs.

achievable rate. The distance of the train and the BS is fixed
at r = 10000 meters in Fig. 10. As shown in Fig. 10, the
maximum achievable rate increases when θ increases from
0 to π. Moreover, the maximum achievable rate is decreased
when θ increases from π to 2π. When θ equals to π, the

maximum achievable rate reaches the upper limit. When θ
equals to 0 or 2π, the maximum achievable rate reaches the
lower limit.

VI. CONCLUSIONS

In this paper, the PDF of inter-cell power interference
factor for linear Wyner cellular networks has been derived
considering a realistic spatial distribution of user locations.
The closed form result of the maximum achievable rate
in cellular uplink channels has also been derived under
the Nakagami-m fading model. Based on these, an upper
bound of the maximum achievable rate with location de-
pendent inter-cell signal interference factors is calculated
and analyzed for a running train scenario. The PDF of the
inter-cell power interference factor can be used to evaluate
the interference power depending on the locations of users.
Moreover, results of the maximum achievable rate for the
running train scenario can provide useful guidelines for the
deployment of BSs along the railways.

APPENDIX

Derivation of (10)

Based on the integral condition of (9), i.e.,
r√

(r cos θ−2R)2+r2sin2θ
≤ γ, we derive the following
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result by(
γ2 − 1

)
r2 − 4γ2Rr cos θ + 4γ2R2 ≥ 0. (31)

Considering the relationship of α2 = Gλ, the range of γ
is configured as 0 ≤ γ ≤ 1. Moreover, a quadratic function
Φ(r) is set as

Φ(r) =
(
γ2 − 1

)
r2 − 4γ2Rr cos θ + 4γ2R2. (32)

The graph of Φ(r) is an opening downward parabola with

the maximum limit of
4γ2R2(γ2sin2θ−1)

γ2−1 .
Based on (31) and properties of quadratic functions, the

range of r is expressed as (33). Considering r is the distance
between the specified user and the BS, the range of r is
constrained by

0 < r ≤ R. (34)

Considering the symmetry of the user’s location, we just
discuss the scenario where the user lies in the region with
θ ∈ [0, π]. The same result is used in the scenario where the
user lies in the region with θ ∈ (π, 2π). Based on (33) and
(34), the piecewise function is derived by (35).

When 0 ≤ γ ≤ 1
3 , the CDF of G is derived as (36). When

1
3 < γ ≤ 1, the CDF of G is derived as (37).

Combined with (36) and (37), the result of (10) is derived.
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